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$�ODUJH�QXPEHU�RI�GDWDEDVHV�LQ�WKH�'HSDUWPHQW�RI�'HIHQVH��WKH�LQWHOOL�
JHQFH� FRPPXQLW\�� DQG� FLYLOLDQ� JRYHUQPHQW� DJHQFLHV� FRQWDLQ� GDWD� WKDW
DUH�FODVVLILHG�WR�KDYH�GLIIHUHQW�VHFXULW\�OHYHOV��$OO�GDWDEDVH�XVHUV�DUH�DOVR
DVVLJQHG�VHFXULW\�FOHDUDQFHV��,W�LV�WKH�UHVSRQVLELOLW\�RI�D�PXOWLOHYHO�VHFXUH
�0/6�� GDWDEDVH� PDQDJHPHQW� V\VWHP� �'%06�� WR� DVVXUH� WKDW� HDFK� XVHU
JDLQV�DFFHVV�³�GLUHFWO\�RU� LQGLUHFWO\�³�WR�RQO\� WKRVH�GDWD� IRU�ZKLFK�KH
KDV�SURSHU�FOHDUDQFH��6RPH�SULYDWH�FRUSRUDWLRQV�DOVR�XVH�VHFXULW\�OHYHOV
DQG�FOHDUDQFHV�WR�HQVXUH�VHFUHF\�RI�VHQVLWLYH�LQIRUPDWLRQ��DOWKRXJK�WKHLU
SURFHGXUHV�IRU�DVVLJQLQJ�WKHVH�DUH�PXFK�OHVV�IRUPDO�WKDQ�LQ�WKH�JRYHUQ�
PHQW�
0RVW� FRPPHUFLDO�'%06V� SURYLGH� VRPH� IRUP� RI� GDWD� VHFXULW\� E\� FRQ�

WUROOLQJ� PRGHV� RI� DFFHVV� SULYLOHJHV� RI� XVHUV� WR� GDWD� >*5,)���� 5$%,��@�
7KHVH� GLVFUHWLRQDU\� DFFHVV� FRQWUROV� �'$&�� GR� QRW� SURYLGH� DGHTXDWH
PHFKDQLVPV� IRU� SUHYHQWLQJ� XQDXWKRUL]HG� GLVFORVXUH� RI� LQIRUPDWLRQ�
7KHUHIRUH�� FRPPHUFLDO� '%06V� SURYLGLQJ� RQO\� '$&� DUH� QRW� VXLWDEOH� IRU
XVH� LQ� PXOWLOHYHO� HQYLURQPHQWV�� 0XOWLOHYHO� V\VWHPV� UHTXLUH� DGGLWLRQDO
PHFKDQLVPV� IRU� HQIRUFLQJ�PDQGDWRU\� �RU� QRQGLVFUHWLRQDU\�� DFFHVV� FRQ�
WUROV��0$&��>'(11��@�
$V�D�UHVXOW��WKHUH�DUH�VHYHUDO�HIIRUWV�XQGHU�ZD\�WR�EXLOG�PXOWLOHYHO�VH�

FXUH�UHODWLRQDO�'%06V��7KHVH�HIIRUWV�DUH� IROORZLQJ� WKH�VDPH�SDWK� WDNHQ
E\� REMHFW�RULHQWHG� GDWDEDVHV�� 2Q� RQH� KDQG�� VHYHUDO� GDWDEDVH� YHQGRUV
�2UDFOH��6\EDVH��DQG�7UXGDWD��WR�QDPH�D�IHZ��DUH�EXV\�EXLOGLQJ�FRPPHU�
FLDO�SURGXFWV��DQG�RWKHUV��IRU�H[DPSOH��65,�>'(11����/817��@�DQG�6&7&
>+$,*��D@��DUH�EXLOGLQJ�UHVHDUFK�SURWRW\SHV��2Q�WKH�RWKHU�KDQG��WKHUH�LV
QR�FOHDU�FRQVHQVXV�UHJDUGLQJ�ZKDW�H[DFWO\�DQ�0/6�UHODWLRQDO�GDWD�PRGHO
LV��7KLV�KDV�OHG�WR�FRQWLQXLQJ�DUJXPHQWV�DERXW�EDVLF�SULQFLSOHV�VXFK�DV
LQWHJULW\�UHTXLUHPHQWV�DQG�XSGDWH�VHPDQWLFV��7KLV�ODFN�RI�FRQVHQVXV�RQ
IXQGDPHQWDO�LVVXHV�XQGHUVFRUHV�WKH�VXEWOHWLHV�LQYROYHG�LQ�H[WHQGLQJ�WKH
FODVVLFDO�UHODWLRQDO�PRGHO�WR�D�PXOWLOHYHO�HQYLURQPHQW��,Q�WKH�DEVHQFH�RI�D
VWURQJ�WKHRUHWLFDO�IUDPHZRUN�LW�LV�XQIRUWXQDWH��EXW�LQHYLWDEOH��WKDW�PXFK



7RZDUG�D�0XOWLOHYHO�6HFXUH�5HODWLRQDO�'DWD�0RGHO���

RI�WKH�DUJXPHQW�RQ�EDVLF�LVVXHV�LV�XQGXO\�LQIOXHQFHG�E\�LPSOHPHQWDWLRQ
GHWDLOV�RI�VSHFLILF�SURMHFWV�
2XU�DLP�LQ�WKLV�HVVD\�LV�WR�GLVFXVV�WKH�PRVW�IXQGDPHQWDO�DVSHFWV�RI�WKH

0/6�UHODWLRQDO�PRGHO��,W�LV�RXU�JRDO�WR�EH�IRUPDO��DQDO\WLFDO��DQG�REMHFWLYH
³�LQ�WKH�VHQVH�RI� LPSOHPHQWDWLRQ�LQGHSHQGHQW��7KH�FRQWHQWV�RI�WKLV�HV�
VD\�DUH�VXPPDUL]HG�LQ�WKH�IROORZLQJ�VXEVHFWLRQV�

&RUH�LQWHJULW\�SURSHUWLHV�� ,W� LV� LPSRUWDQW�WR�VSHFLI\�SUHFLVHO\�DOO�FRQ�
VWUDLQWV� WKDW�UHODWLRQV�PXVW�VDWLVI\��VLQFH� WKHVH�FRQVWUDLQWV�HQVXUH� WKDW
DOO� LQVWDQFHV� LQ� WKH�GDWDEDVH�DUH�PHDQLQJIXO�� ,W� LV� HTXDOO\� LPSRUWDQW� WR
UHTXLUH�RQO\�WKH�PLQLPDO�QHFHVVDU\�FRQVWUDLQWV�VR�DV�WR�DOORZ�DV�ODUJH�D
FODVV� RI� DGPLVVLEOH� LQVWDQFHV� DV� SRVVLEOH�� ,Q� FODVVLFDO� UHODWLRQDO� WKHRU\
�VHH� &�-�� 'DWH·V� ZRUN� >'$7(��@�� IRU� H[DPSOH�� WKH� HVVHQWLDO� FRQVWUDLQWV
KDYH�EHHQ�LGHQWLILHG�DV�HQWLW\�LQWHJULW\�DQG�UHIHUHQWLDO�LQWHJULW\��,Q�D�ODWHU
VHFWLRQ��ZH�FRQVLGHU�WKH�PXOWLOHYHO�DQDORJ�RI�HQWLW\�LQWHJULW\��:H�LGHQWLI\
IRXU�FRUH�LQWHJULW\�SURSHUWLHV�WKDW�VKRXOG�EH�UHTXLUHG�RI�DOO�PXOWLOHYHO�UH�
ODWLRQV� >-$-2��E@�� 2QH� RI� WKHVH� LV� D� JHQHUDOL]DWLRQ� RI� WKH� XVXDO� HQWLW\
LQWHJULW\� UHTXLUHPHQW� WR� D�PXOWLOHYHO� FRQWH[W�� ZKLOH� WKH� RWKHU� WKUHH� DUH
QHZ�WR�PXOWLOHYHO�UHODWLRQV��)RU�HDFK�SURSHUW\��ZH�VKRZ�ZK\�LW�LV�QHHGHG
LQ�PXOWLOHYHO�UHODWLRQV��2XU�IRFXV�LQ�WKLV�HVVD\�LV�RQ�VLQJOH�UHODWLRQV��DQG
ZH�GR�QRW�FRQVLGHU�PXOWLOHYHO�UHIHUHQWLDO�LQWHJULW\�KHUH�

5HODWLRQ�XSGDWHV��6RPHZKDW�SDUDGR[LFDOO\�� WKH�XQGHUVWDQGLQJ�RI�XS�
GDWH�RSHUDWLRQV�LV�FUXFLDO�WR�DFKLHYLQJ�VHFUHF\�RI�LQIRUPDWLRQ�LQ�PXOWLOHYHO
V\VWHPV��:H�JLYH�D�IRUPDO�RSHUDWLRQDO�VHPDQWLFV�IRU�XSGDWH�RSHUDWLRQV�RQ
PXOWLOHYHO�UHODWLRQV�� WKDW� LV�� UHODWLRQV� LQ�ZKLFK� LQGLYLGXDO�GDWD�HOHPHQWV
DUH�FODVVLILHG�DW�GLIIHUHQW�OHYHOV�>-$-2��I@��)RU�WKLV�SXUSRVH��WKH�IDPLOLDU
,16(57��83'$7(��DQG�'(/(7(�RSHUDWLRQV�RI�64/�>'$7(��@�DUH�VXLWDEO\
JHQHUDOL]HG��2XU�JRDO�KHUH�KDV�EHHQ�WR�SUHVHUYH�DV�PXFK�DV�SRVVLEOH�WKH
LQWXLWLYH�VLPSOLFLW\�RI�WKHVH�RSHUDWLRQV�LQ�FODVVLFDO�UHODWLRQV�ZLWKRXW�VDF�
ULILFLQJ�VHFXULW\� LQ�WKH�SURFHVV��7KH�PDLQ�GLIIHUHQFH��ZLWK�UHVSHFW� WR� WKH
FODVVLFDO�VHPDQWLFV�RI�WKHVH�RSHUDWLRQV��LV�WKDW�FHUWDLQ�XSGDWHV�FDQQRW�EH
FDUULHG�RXW�E\�RYHUZULWLQJ�WKH�GDWD� LQ�SODFH�EHFDXVH�GRLQJ�VR�ZRXOG�UH�
VXOW�LQ�OHDNDJH�RU�GHVWUXFWLRQ�RI�VHFUHW�LQIRUPDWLRQ��7KLV�LQHVFDSDEOH�IDFW
FRPSOLFDWHV� WKH� VHPDQWLFV� RI�PXOWLOHYHO� UHODWLRQV�� 7KHVH� RSHUDWLRQV� DUH
FRQVLVWHQW� �RU� VRXQG�� LQ� WKDW� DOO� UHODWLRQV� WKDW� FDQ� EH� FRQVWUXFWHG� ZLOO
VDWLVI\�WKH�EDVLF�LQWHJULW\�SURSHUWLHV�UHTXLUHG�RI�PXOWLOHYHO�UHODWLRQV��$G�
GLWLRQDOO\��WKHVH�RSHUDWLRQV�DUH�FRPSOHWH�LQ�WKDW�HYHU\�PXOWLOHYHO�UHODWLRQ
FDQ�EH�FRQVWUXFWHG�E\�VRPH�VHTXHQFH�RI�WKHVH�RSHUDWLRQV�

'HFRPSRVLWLRQ� DQG� UHFRYHU\�RI�PXOWLOHYHO� UHODWLRQV��:H�JLYH� D� GH�
FRPSRVLWLRQ�DOJRULWKP� WKDW�EUHDNV� D�PXOWLOHYHO� UHODWLRQ� LQWR� VLQJOH�OHYHO
UHODWLRQV� DQG� D� QHZ� UHFRYHU\� DOJRULWKP� WKDW� UHFRQVWUXFWV� WKH� RULJLQDO
PXOWLOHYHO�UHODWLRQ�IURP�WKH�GHFRPSRVHG�VLQJOH�OHYHO�UHODWLRQV�>-$-2��E@�
7KHUH�DUH�VHYHUDO�QRYHO�DVSHFWV�WR�WKHVH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJR�
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ULWKPV�� ZKLFK� SURYLGH� VXEVWDQWLDO� DGYDQWDJHV� RYHU� SUHYLRXV� SURSRVDOV
>'(11����-$-2��F��/817��@�

�� 7KHVH� DOJRULWKPV� DUH� IRUPXODWHG� LQ� WKH� FRQWH[W� RI� DQ� RSHUDWLRQDO
VHPDQWLFV�IRU�PXOWLOHYHO�UHODWLRQV��GHILQHG�KHUH�E\�JHQHUDOL]LQJ�WKH
XVXDO�83'$7(�RSHUDWLRQV�RI�64/�WR�PXOWLOHYHO�UHODWLRQV�

�� 7KHVH�DOJRULWKPV��ZLWK�PLQRU�PRGLILFDWLRQV�� FDQ� HDVLO\� DFFRPPR�
GDWH�DOWHUQDWLYH�XSGDWH�VHPDQWLFV�WKDW�KDYH�EHHQ�SURSRVHG� LQ�WKH
OLWHUDWXUH�

�� 7KHVH�DOJRULWKPV�DUH�HIILFLHQW�EHFDXVH�UHFRYHU\� LV�EDVHG�VROHO\�RQ
XQLRQOLNH�RSHUDWLRQV�ZLWKRXW�DQ\�XVH�RI�MRLQV�

�� 7KH�GHFRPSRVLWLRQ�LV�LQWXLWLYHO\�DQG�WKHRUHWLFDOO\�VLPSOH��JLYLQJ�XV
D�VRXQG�EDVLV�IRU�FRUUHFWQHVV�

2YHUYLHZ��7KH�UHVW�RI�WKLV�HVVD\�LV�RUJDQL]HG�DV�IROORZV��7KH�QH[W�VHF�
WLRQ�JLYHV�DQ�RYHUYLHZ�RI�EDVLF�FRQFHSWV�RI�PXOWLOHYHO� VHFXULW\��7KHQ�ZH
UHYLHZ� EDVLF� GHILQLWLRQV� IRU� VWDQGDUG� �VLQJOH�OHYHO�� UHODWLRQV�� WKRVH� IRU
PXOWLOHYHO�UHODWLRQV� IROORZ��:H�RIIHU� IRXU�FRUH� LQWHJULW\� UHTXLUHPHQWV� �WR�
JHWKHU�ZLWK�WKHLU�MXVWLILFDWLRQ��WKDW�ZH�IHHO�PXVW�EH�PHW�E\�DOO�PXOWLOHYHO
UHODWLRQV�� 7KHQ�ZH� H[DPLQH� YDULRXV�83'$7(� RSHUDWLRQV� LQ� D�PXOWLOHYHO
FRQWH[W��DV�RXWOLQHG�DERYH��%HIRUH�FRQFOXGLQJ��ZH�JLYH�WKH�GHFRPSRVLWLRQ
DQG�UHFRYHU\�DOJRULWKPV�WKDW�KDYH�EHHQ�IRUPXODWHG�LQ�WHUPV�RI�83'$7(
RSHUDWLRQV�GHILQHG�LQ�WKH�SUHYLRXV�VHFWLRQ�

%DVLF�UHODWLRQDO�FRQFHSWV�DQG�VHFXULW\�UHTXLUHPHQWV

7KH�VWDQGDUG�UHODWLRQDO�PRGHO�LV�FRQFHUQHG�ZLWK�GDWD�ZLWKRXW�VHFXULW\
FODVVLILFDWLRQV��'DWD�DUH� VWRUHG� LQ� WDEOHV�� FDOOHG� UHODWLRQV��(DFK� UHODWLRQ
KDV�D�QXPEHU�RI�FROXPQV��FDOOHG�DWWULEXWHV��$W�DQ\�JLYHQ�WLPH��D�UHODWLRQ
FRQWDLQV�D�QXPEHU�RI�URZV��FDOOHG�WXSOHV��7KH�QXPEHU�RI�WXSOHV�LQ�D�UHOD�
WLRQ�YDULHV�ZLWK�WLPH��$V�DQ�H[DPSOH��FRQVLGHU�WKH�UHODWLRQ�62'�JLYHQ�LQ
)LJXUH����ZKLFK�FRQWDLQV�IRU�HDFK�VWDUVKLS�LWV�QDPH��LWV�REMHFWLYH��DQG�LWV
GHVWLQDWLRQ�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ

(QWHUSULVH ([SORUDWLRQ 7DORV

9R\DJHU 6S\LQJ 0DUV

Figure 1. SOD.
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7KHUH�LV�D�UHODWLRQ�VFKHPH�FRUUHVSRQGLQJ�WR�HDFK�UHODWLRQ��FRQVLVWLQJ�RI
WKH�UHODWLRQ�QDPH�WRJHWKHU�ZLWK�D�OLVW�RI�LWV�DWWULEXWH�QDPHV��7KH�UHODWLRQ
VFKHPH�IRU�WKH�UHODWLRQ�62'�LV�GHQRWHG�DV�IROORZV�

62'�6WDUVKLS��2EMHFWLYH��'HVWLQDWLRQ�

:KLOH�WKH�VFKHPH�IRU�D�UHODWLRQ�LV�LQYDULDQW�RYHU�WLPH��D�UHODWLRQ�LV�QRW
VWDWLF�RYHU�WLPH��7XSOHV�DUH�FRQWLQXRXVO\�EHLQJ� LQVHUWHG��GHOHWHG��RU�XS�
GDWHG� LQ�D� UHODWLRQ� WR� UHIOHFW�FKDQJHV� LQ� WKH� UHDO�ZRUOG��1RW�DOO� SRVVLEOH
UHODWLRQV�DUH�PHDQLQJIXO�LQ�DQ�DSSOLFDWLRQ��RQO\�WKRVH�WKDW�VDWLVI\�FHUWDLQ
LQWHJULW\�FRQVWUDLQWV�DUH�FRQVLGHUHG�YDOLG�
/HW�5�$���$��������$Q��EH�D�UHODWLRQ�VFKHPH��DQG�OHW�;�DQG�<�GHQRWH�VHWV

RI�RQH�RU�PRUH�RI�WKH�DWWULEXWHV�$L�LQ�5��:H�VD\�<�LV�IXQFWLRQDOO\�GHSHQG�
HQW�RQ�;��ZULWWHQ�;�→�<��LI�DQ\�UHODWLRQ�IRU�5�VDWLVILHV�DW�DOO�WLPHV�WKH�IRO�
ORZLQJ�SURSHUW\��,W�GRHV�QRW�KDYH�WZR�WXSOHV�ZLWK�WKH�VDPH�YDOXHV�IRU�;
EXW�GLIIHUHQW�YDOXHV�IRU�<�
$�FDQGLGDWH�NH\�RI�D�UHODWLRQ�VFKHPH�5�LV�D�PLQLPDO�VHW�RI�DWWULEXWHV�RQ

ZKLFK�DOO� RWKHU�DWWULEXWHV�RI�5� DUH� IXQFWLRQDOO\� GHSHQGHQW�� 7KH�SULPDU\
NH\�RI�D�UHODWLRQ�VFKHPH�5�LV�RQH�RI�LWV�FDQGLGDWH�NH\V�WKDW�KDV�EHHQ�VSH�
FLILFDOO\�GHVLJQDWHG�DV�VXFK�
0RYLQJ�RQ�WR�D�PXOWLOHYHO�ZRUOG��D�PDMRU�LVVXH�LV�KRZ�DFFHVV�FODVVHV�DUH

DVVLJQHG� WR� GDWD� VWRUHG� LQ� UHODWLRQV�� $FFHVV� FODVVHV� FDQ� EH� DVVLJQHG� WR
UHODWLRQV�� WR� LQGLYLGXDO� WXSOHV� LQ�D� UHODWLRQ�� WR� LQGLYLGXDO�DWWULEXWHV�RI�D
UHODWLRQ��RU�WR�LQGLYLGXDO�GDWD�HOHPHQWV�RI�WKH�WXSOHV�RI�D�UHODWLRQ��,Q�WKLV
HVVD\��ZH�ZLOO�FRQVLGHU�WKH�JHQHUDO� �DQG�PRVW�GLIILFXOW��FDVH��DQG�DVVLJQ
DFFHVV�FODVVHV�WR�LQGLYLGXDO�GDWD�HOHPHQWV�RI�D�UHODWLRQ�
$V�D�FRQVHTXHQFH�RI�%HOO�/D3DGXOD�UHVWULFWLRQV��VXEMHFWV�KDYLQJ�GLIIHU�

HQW�FOHDUDQFHV�VHH�GLIIHUHQW�YHUVLRQV�RI�D�PXOWLOHYHO�UHODWLRQ��$�XVHU�KDY�
LQJ� D� FOHDUDQFH� DW� DQ� DFFHVV� FODVV� F� VHHV� RQO\� WKDW� GDWD� ZKLFK� OLHV� DW
FODVV� F� RU� EHORZ�� $V� DQ� H[DPSOH�� FRQVLGHU� WKH� UHODWLRQ� VFKHPH
62'�6WDUVKLS��2EMHFWLYH��'HVWLQDWLRQ���ZKHUH�6WDUVKLS�LV�WKH�SULPDU\�NH\
DQG�WKH�VHFXULW\�FODVVLILFDWLRQV�DUH�DVVLJQHG�DW�WKH�JUDQXODULW\�RI�LQGLYLG�
XDO�GDWD�HOHPHQWV��$�XVHU�ZLWK�6HFUHW�FOHDUDQFH�ZLOO�VHH�WKH�HQWLUH�PXOWL�
OHYHO�UHODWLRQ�62'6�VKRZQ�LQ�)LJXUH����ZKLOH�D�XVHU�KDYLQJ�8QFODVVLILHG
FOHDUDQFH�ZLOO�VHH�RQO\�WKH�ILOWHUHG�UHODWLRQ�62'8�VKRZQ�LQ�)LJXUH���
1RZ�� FRQVLGHU� RQFH� DJDLQ� WKH� PXOWLOHYHO� UHODWLRQ� JLYHQ� LQ� )LJXUH� ��

6XSSRVH� WKDW�D�8�XVHU�ZKR�VHHV� WKH� LQVWDQFH� LQ�)LJXUH���ZLVKHV� WR� UH�
SODFH�WKH�VHFRQG�WXSOH�RI�62'8�E\�WKH�WXSOH��9R\DJHU��([SORUDWLRQ��7DORV��
)URP�D�SXUHO\�GDWDEDVH�SHUVSHFWLYH��WKLV�XSGDWH�E\�WKH�8�XVHU�VKRXOG�EH
UHMHFWHG� EHFDXVH� WKH� DWWULEXWH� 6WDUVKLS� FRQVWLWXWHV� WKH� SULPDU\� NH\� RI
62'6��+RZHYHU�� IURP� WKH� VHFXULW\� YLHZSRLQW�� WKLV�XSGDWH� FDQQRW� EH� UH�
MHFWHG�VLQFH�GRLQJ�VR�ZLOO�EH�VXIILFLHQW�WR�HVWDEOLVK�D�GRZQZDUG�VLJQDOLQJ
FKDQQHO��6LQFH�D�6HFUHW�SURFHVV�FDQ�VHQG�RQH�ELW�RI�LQIRUPDWLRQ�E\�HLWKHU
LQVHUWLQJ� RU� GHOHWLQJ� D� SDUWLFXODU� WXSOH� DW� WKH� 6HFUHW� OHYHO�� ERWK� 6HFUHW
DQG�8QFODVVLILHG�SURFHVVHV�FDQ�FRRSHUDWH� WR�HVWDEOLVK�D�FRYHUW�FKDQQHO�
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7KXV�� ERWK� WXSOHV� �9R\DJHU�� 6S\LQJ�� 0DUV�� DQG� �9R\DJHU�� ([SORUDWLRQ�
7DORV�� PXVW� VRPHKRZ� FRH[LVW� LQ� 62'6�� DV� LQ� )LJXUH� ��� 7KLV� LV� FDOOHG
SRO\LQVWDQWLDWLRQ�� 7KHUH� DUH� WZR� RU� PRUH� WXSOHV� LQ� D� PXOWLOHYHO� UHODWLRQ
ZLWK�WKH�VDPH�SULPDU\�NH\�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

9R\DJHU 8 6S\LQJ 6 0DUV 6 6

Figure 2. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

9R\DJHU 8 1XOO 8 1XOO 8 8

Figure 3. SODU.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

9R\DJHU 8 ([SORUDWLRQ 8 7DORV 8 8

9R\DJHU 8 6S\LQJ 6 0DUV 6 6

Figure 4. SODS.

7KXV��ZH� VHH� WKDW� HYHQ� WKH� EDVLF� UHODWLRQDO� QRWLRQ� RI� D� NH\� GRHV� QRW
KDYH�D�VWUDLJKWIRUZDUG�H[WHQVLRQ�WR�PXOWLOHYHO�UHODWLRQV��3RO\LQVWDQWLDWLRQ
LOOXVWUDWHV� WKH� LQWULQVLF� GLIILFXOW\� RI� H[WHQGLQJ� WKH� VWDQGDUG� UHODWLRQDO
FRQFHSWV� WR� WKH�PXOWLOHYHO� ZRUOG�� WKHUHIRUH�� ZH� GHYRWH� D� VHSDUDWH� HVVD\
�(VVD\�����WR�WKLV�SUREOHP��,Q�WKLV�HVVD\��RXU�SRVLWLRQ�LV�WKDW� WKHUH� LV�D
QHHG� IRU� SRO\LQVWDQWLDWLRQ� LQ� PXOWLOHYHO� V\VWHPV�� +RZHYHU�� LW� PXVW� EH
FDUHIXOO\� FRQWUROOHG� WR� DYRLG� FRQIXVLRQ� DQG� DPELJXLW\� LQ� WKH� GDWDEDVH�
)RU�H[DPSOH��WKH�6�LQVWDQFH�RI�)LJXUH���VKRXOG�QRW�EH�DOORZHG�EHFDXVH�LW
JLYHV�DPELJXRXV�LQIRUPDWLRQ�DERXW�WKH�9R\DJHU·V�REMHFWLYH�DW�WKH�6�OHYHO�
7KURXJKRXW�WKLV�HVVD\��ZH�XVH�WKH�WHUPV�KLJK�DQG� ORZ� WR�UHIHU� WR� WZR

DFFHVV�FODVVHV�VXFK� WKDW� WKH� IRUPHU� LV�VWULFWO\�KLJKHU� WKDQ� WKH� ODWWHU� LQ
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WKH�SDUWLDO�RUGHU��$OVR��LI�D�XVHU�LV�ORJJHG�RQ�DW�DQ�DFFHVV�FODVV�F��ZH�UHIHU
WR�VXFK�D�XVHU�DV�D�F�XVHU�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

9R\DJHU 8 ([SORUDWLRQ 6 0DUV 6 6

9R\DJHU 8 6S\LQJ 6 0DUV 6 6

Figure 5. An illegal S-instance.

0XOWLOHYHO�UHODWLRQV

,Q� WKLV� VHFWLRQ�� ZH� UHYLHZ� WKH� EDVLF� FRQFHSWV� IRU� WKH� PXOWLOHYHO� UHOD�
WLRQV�� ,Q� WKH�QH[W�VHFWLRQ��ZH�ZLOO�VWDWH� IRXU�FRUH� LQWHJULW\� UHTXLUHPHQWV
WKDW�ZH�IHHO�PXVW�EH�VDWLVILHG�E\�DOO�PXOWLOHYHO�UHODWLRQV��$�PXOWLOHYHO�UHOD�
WLRQ�FRQVLVWV�RI�WZR�SDUWV��D�UHODWLRQ�VFKHPH�DQG�UHODWLRQ�LQVWDQFHV�

'HILQLWLRQ� ��� 5HODWLRQ� VFKHPH�� $� VWDWH�LQYDULDQW� PXOWLOHYHO� UHODWLRQ
VFKHPH�LV�RI�WKH�IRUP

5�$���&���$���&��������$Q��&Q��7&�

ZKHUH�HDFK�$L�LV�D�GDWD�DWWULEXWH�RYHU�GRPDLQ�'L��HDFK�&L�LV�D�FODVVLILFDWLRQ
DWWULEXWH� IRU�$L�� DQG�7&� LV� WKH� WXSOH�FODVV�DWWULEXWH�� 7KH� GRPDLQ� RI�&L� LV
VSHFLILHG� E\� D� VHW� ^/ L�� �����+ L `� ZKLFK� HQXPHUDWHV� WKH� DOORZHG� YDOXHV� IRU
DFFHVV�FODVVHV��UDQJLQJ�IURP�WKH�JUHDWHVW�ORZHU�ERXQG��JOE��/L�WR�WKH�OHDVW
XSSHU�ERXQG��OXE��+L��7KH�GRPDLQ�RI�7&�LV�WKH�VHW�^OXE^/ L�� L� ���� �����Q`�
�����OXE^+ L�� L� ���������Q` `�

'HILQLWLRQ����5HODWLRQ�LQVWDQFHV��)RU�HDFK�UHODWLRQ�VFKHPH��WKHUH�LV
D�FROOHFWLRQ�RI�VWDWH�GHSHQGHQW�UHODWLRQ�LQVWDQFHV

5F�$���&���$���&��������$Q��&Q��7&�

RQH�IRU�HDFK�DFFHVV�FODVV�F�LQ�WKH�JLYHQ�ODWWLFH��(DFK�UHODWLRQ�LQVWDQFH�LV�D
VHW�RI�GLVWLQFW�WXSOHV�RI�WKH�IRUP��D���F���D���F��������DQ��FQ��WF���ZKHUH�HDFK
D L�∈�'L�RU�D L� �QXOO��F�≥�FL��DQG�WF� �^OXE^FL��L� ���������Q`��0RUHRYHU��LI�D L�LV
QRW�QXOO��WKHQ�FL�∈�^/ L�������+ L `��:H�UHTXLUH�WKDW�FL�EH�GHILQHG�HYHQ�LI�D L�LV
QXOO�³�WKDW�LV��D�FODVVLILFDWLRQ�DWWULEXWH�FDQQRW�EH�QXOO�
7KH�PXOWLSOH�UHODWLRQ�LQVWDQFHV�DUH��RI�FRXUVH��UHODWHG��HDFK�LQVWDQFH�LV

LQWHQGHG� WR� UHSUHVHQW� WKH� YHUVLRQ� RI� UHDOLW\� DSSURSULDWH� IRU� HDFK� DFFHVV
FODVV��5RXJKO\�VSHDNLQJ��HDFK�HOHPHQW� W>$ L@� LQ�D� WXSOH� W� LV�YLVLEOH� LQ� LQ�
VWDQFHV�DW�DFFHVV�FODVV�W>& L@�RU�KLJKHU��W>$ L@�LV�UHSODFHG�E\�D�QXOO�YDOXH�LQ



��� ,QIRUPDWLRQ�6HFXULW\

DQ� LQVWDQFH�DW� D� ORZHU�DFFHVV� FODVV��:H� JLYH� D�PRUH� IRUPDO� GHVFULSWLRQ
XVLQJ�WKH�ILOWHU�IXQFWLRQ�LQ�WKH�QH[W�VHFWLRQ�

&RUH�LQWHJULW\�SURSHUWLHV

,Q� WKLV� VHFWLRQ�� ZH� VWDWH� IRXU� FRUH� LQWHJULW\� SURSHUWLHV� WKDW� PXVW� EH
VDWLVILHG�E\�DOO�PXOWLOHYHO�UHODWLRQV��)RU�HDFK�SURSHUW\��ZH�MXVWLI\�ZK\�LW�LV
QHFHVVDU\�
6LQFH� D�PXOWLOHYHO� UHODWLRQ� KDV� GLIIHUHQW� LQVWDQFHV� DW� GLIIHUHQW� DFFHVV

FODVVHV�� LW� LV� LQKHUHQWO\� PRUH� FRPSOH[� WKDQ� D� VWDQGDUG� UHODWLRQ�� ,Q� D
VWDQGDUG�UHODWLRQ��WKH�GHILQLWLRQ�RI�NH\V�LV�EDVHG�RQ�IXQFWLRQDO�GHSHQGHQ�
FLHV��,Q�D�PXOWLOHYHO�VHWWLQJ��WKH�FRQFHSW�RI�IXQFWLRQDO�GHSHQGHQFLHV�LV�LW�
VHOI� FORXGHG� EHFDXVH� D� UHODWLRQ� LQVWDQFH� LV� QRZ� D� FROOHFWLRQ� RI� VHWV� RI
WXSOHV�UDWKHU�WKDQ�D�VLQJOH�VHW�RI�WXSOHV�
:H�DVVXPH�WKDW�WKHUH�LV�D�XVHU�VSHFLILHG�SULPDU\�NH\�$.�FRQVLVWLQJ�RI�D

VXEVHW�RI�WKH�GDWD�DWWULEXWHV�$L��7KLV�LV�FDOOHG�WKH�DSSDUHQW�SULPDU\�NH\
RI�WKH�PXOWLOHYHO�UHODWLRQ�VFKHPH��:H�ZLOO�UHWXUQ�WR�WKH�LVVXH�RI�ZKDW�FRQ�
VWLWXWHV�WKH�SULPDU\�NH\�RI�D�PXOWLOHYHO�UHODWLRQ�DIWHU�ZH�GHILQH�WKH�SRO\�
LQVWDQWLDWLRQ�LQWHJULW\�SURSHUW\�
,Q�JHQHUDO��$.�ZLOO�FRQVLVW�RI�PXOWLSOH�DWWULEXWHV��(QWLW\� LQWHJULW\� IURP

WKH�VWDQGDUG�UHODWLRQDO�PRGHO�SURKLELWV�QXOO�YDOXHV�IRU�DQ\�RI�WKH�DWWULE�
XWHV� LQ�$.�� 7KLV� SURSHUW\� >'(11��@� H[WHQGV� WR�PXOWLOHYHO� UHODWLRQV�� DV
VKRZQ�LQ�WKH�IROORZLQJ�VXEVHFWLRQV�

3URSHUW\����(QWLW\�LQWHJULW\��/HW�$.�EH�WKH�DSSDUHQW�NH\�RI�5��$�PXO�
WLOHYHO�UHODWLRQ�5�VDWLVILHV�HQWLW\�LQWHJULW\�LI�DQG�RQO\�LI�IRU�DOO�LQVWDQFHV�5F

RI�5�DQG�W�∈�5F�

�� $L�∈�$.�⇒�>$ L@�≠�QXOO�
�� $L��$M�∈�$.�⇒�W>& L@� �W>& M@��WKDW�LV��$.�LV�XQLIRUPO\�FODVVLILHG��DQG
�� $L�∉�$.�⇒�W>& L@�≥�W>&$.@��ZKHUH�&$.�LV�GHILQHG�WR�EH�WKH�FODVVLILFD�

WLRQ�RI�WKH�DSSDUHQW�NH\��

7KH� ILUVW� UHTXLUHPHQW� LV� DQ� REYLRXV� FDUU\RYHU� IURP� WKH� VWDQGDUG� UHOD�
WLRQDO�PRGHO�DQG�HQVXUHV�WKDW�QR�WXSOH�LQ�5F�KDV�D�QXOO�YDOXH�IRU�DQ\�DW�
WULEXWH� LQ�$.��7KH�VHFRQG�UHTXLUHPHQW�VD\V� WKDW�DOO�$.� DWWULEXWHV�KDYH
WKH�VDPH�FODVVLILFDWLRQ�LQ�D�WXSOH��WKDW� LV��WKH\�DUH�HLWKHU�DOO�8�RU�DOO�6�
DQG�VR�RQ��7KLV�ZLOO� HQVXUH� WKDW�$.� LV� HLWKHU� HQWLUHO\� YLVLEOH� RU� HQWLUHO\
QXOO�DW�D�VSHFLILF�DFFHVV�FODVV�F��7KH�WKLUG�UHTXLUHPHQW�VWDWHV�WKDW�LQ�DQ\
WXSOH� WKH�FODVV�RI� WKH�QRQ�$.�DWWULEXWHV�PXVW�GRPLQDWH�&$.��7KLV� UXOHV
RXW� WKH�SRVVLELOLW\�RI�DVVRFLDWLQJ�QRQQXOO�DWWULEXWHV�ZLWK�D�QXOO�SULPDU\
NH\�
$W� WKLV� SRLQW� LW� LV� LPSRUWDQW� WR� FODULI\� WKH� VHPDQWLFV� RI� QXOO� YDOXHV�

7KHUH�DUH�WZR�PDMRU�LVVXHV�



7RZDUG�D�0XOWLOHYHO�6HFXUH�5HODWLRQDO�'DWD�0RGHO���

�� WKH�FODVVLILFDWLRQ�RI�QXOO�YDOXHV��DQG
�� WKH�VXEVXPSWLRQ�RI�QXOO�YDOXHV�E\�QRQQXOO�RQHV�

2XU� UHTXLUHPHQWV� DUH� UHVSHFWLYHO\� WKDW� QXOO� YDOXHV� EH� FODVVLILHG� DW� WKH
OHYHO�RI�WKH�NH\�LQ�WKH�WXSOH��DQG�WKDW�D�QXOO�YDOXH�LV�VXEVXPHG�E\�D�QRQ�
QXOO� YDOXH� LQGHSHQGHQW� RI� WKH� ODWWHU·V� FODVVLILFDWLRQ�� 7KHVH� WZR� UHTXLUH�
PHQWV�DUH�IRUPDOO\�VWDWHG�LQ�3URSHUW\���

3URSHUW\����1XOO�LQWHJULW\��$�PXOWLOHYHO�UHODWLRQ�5�VDWLVILHV�QXOO�LQWHJ�
ULW\�LI�DQG�RQO\�LI�IRU�HDFK�LQVWDQFH�5F�RI�5�ERWK�RI�WKH�IROORZLQJ�FRQGLWLRQV
DUH�WUXH�

�� )RU�DOO�W�∈�5F�� W>$ L@� �QXOO�⇒�W>& L@� � W>&$.@��WKDW�LV��QXOOV�DUH�FODV�
VLILHG�DW�WKH�OHYHO�RI�WKH�NH\�

�� /HW�XV�VD\�WKDW�WXSOH� W�VXEVXPHV�WXSOH�V� LI� IRU�HYHU\�DWWULEXWH�$ L�
HLWKHU� �D�� W>$ L��& L@� �V>$ L��& L@�RU� �E�� W>$ L@�≠�QXOO�DQG�V>$ L@� �QXOO�
2XU�VHFRQG�UHTXLUHPHQW�LV�WKDW�5F�LV�VXEVXPSWLRQ�IUHH�LQ�WKH�VHQVH
WKDW� LW� GRHV� QRW� FRQWDLQ� WZR� GLVWLQFW� WXSOHV� VXFK� WKDW� RQH� VXE�
VXPHV�WKH�RWKHU�

:H� ZLOO� KHQFHIRUWK� DVVXPH� WKDW� DOO� FRPSXWHG� UHODWLRQV� DUH� PDGH� VXE�
VXPSWLRQ� IUHH� E\� H[KDXVWLYH� HOLPLQDWLRQ� RI� VXEVXPHG� WXSOHV�� 7KH� QXOO
LQWHJULW\�UHTXLUHPHQW�ZDV�LGHQWLILHG�LQ�DQ�HDUOLHU�ZRUN�>-$-2��F@�
&RQVLGHU�WKH�UHODWLRQ�LQVWDQFH�IRU�62'�JLYHQ�LQ�)LJXUH����7KH�PRWLYD�

WLRQ�EHKLQG� WKH�QXOO� LQWHJULW\� SURSHUW\� LV� WKDW� LI� DQ�6�XVHU�XSGDWHV� WKH
GHVWLQDWLRQ�RI�(QWHUSULVH�WR�EH�5LJHO��KH�RU�VKH�ZLOO�VHH�WKH�LQVWDQFH�JLYHQ
LQ�)LJXUH���UDWKHU�WKDQ�WKH�RQH�JLYHQ�LQ�)LJXUH����VLQFH�WKH�ILUVW�WXSOH�LQ
)LJXUH���LV�VXEVXPHG�E\�WKH�VHFRQG�WXSOH�
7KH�QH[W�SURSHUW\� LV�FRQFHUQHG�ZLWK�FRQVLVWHQF\�EHWZHHQ�WKH�GLIIHUHQW

UHODWLRQ� LQVWDQFHV�� 7KH� QHHG� IRU� VXFK� D� SURSHUW\� ZDV� LGHQWLILHG� HDUOLHU
>'(11��@��EXW� WKH� IRUPXODWLRQV�ZHUH� LQFRUUHFW��7KH�FRUUHFW� IRUPXODWLRQ
>-$-2��F@�ZDV�DGRSWHG�E\�6HD9LHZ�UHVHDUFKHUV�>/817��@�

3URSHUW\����,QWHULQVWDQFH�LQWHJULW\��5�VDWLVILHV�LQWHULQVWDQFH�LQWHJULW\
LI�DQG�RQO\�LI�IRU�DOO�F ′�≤�F�ZH�KDYH�5F ′� �σ��5F��F ′���ZKHUH�WKH�ILOWHU�IXQFWLRQ
σ�SURGXFHV�WKH�F ′�LQVWDQFH�5F ′�IURP�5F�DV�IROORZV�

�� )RU�HYHU\�WXSOH�W�∈�5F�VXFK�WKDW�W>&$.@�≤�F ′��WKHUH�LV�D�WXSOH�W ′�∈�5F ′
ZLWK�W ′ >$.��&$.@� �W>$.��&$.@�DQG�IRU�$L�∉�$.
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QXOO� RWKHUZLVH

�� 7KHUH�DUH�QR� WXSOHV� LQ�5F ′� RWKHU� WKDQ� WKRVH� GHULYHG�E\� WKH� DERYH
UXOH�



��� ,QIRUPDWLRQ�6HFXULW\

�� 7KH�HQG�UHVXOW�LV�PDGH�VXEVXPSWLRQ�IUHH�E\�H[KDXVWLYH�HOLPLQDWLRQ
RI�VXEVXPHG�WXSOHV�

7KH� ILOWHU� IXQFWLRQ�PDSV�D�PXOWLOHYHO�UHODWLRQ�WR�GLIIHUHQW� LQVWDQFHV��RQH
IRU� HDFK�GHVFHQGLQJ� DFFHVV� FODVV� LQ� WKH� VHFXULW\� ODWWLFH�� )LOWHULQJ� OLPLWV
HDFK�XVHU�WR�WKDW�SRUWLRQ�RI�WKH�PXOWLOHYHO�UHODWLRQ�IRU�ZKLFK�KH�RU�VKH�LV
FOHDUHG��7KXV��IRU�H[DPSOH��DQ�6�XVHU�ZLOO�VHH�WKH�HQWLUH�UHODWLRQ�JLYHQ�LQ
)LJXUH����ZKLOH�D�8�XVHU�ZLOO�VHH�WKH�ILOWHUHG�LQVWDQFH�JLYHQ�LQ�)LJXUH����,W
LV�HYLGHQW�WKDW�σ�5F��F�� �5F��DQG�σ�σ�5F��F ′ ���F″�� �σ�5F��F″��IRU�F�≥�F ′�≥�F″�
DV�RQH�ZRXOG�H[SHFW�IURP�WKH�LQWXLWLYH�QRWLRQ�RI�ILOWHULQJ�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 1XOO 8 8

Figure 6. SODU.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 5LJHO 6 6

Figure 7. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 1XOO 8 8

(QWHUSULVH 8 ([SORUDWLRQ 8 5LJHO 6 6

Figure 8. Violation of null integrity.

:H�DUH�QRZ�UHDG\�WR�VWDWH�RXU�IRXUWK�DQG�ILQDO�SURSHUW\��,Q�D�VWDQGDUG
UHODWLRQ�WKHUH�FDQQRW�EH�WZR�WXSOHV�ZLWK�WKH�VDPH�SULPDU\�NH\��,Q�D�PXO�
WLOHYHO� UHODWLRQ�ZH�ZLOO� VLPLODUO\� H[SHFW� WKDW� WKHUH� FDQQRW� EH� WZR� WXSOHV
ZLWK� WKH� VDPH� DSSDUHQW� SULPDU\� NH\�� +RZHYHU�� DV� ZH� REVHUYHG� HDUOLHU�
VHFUHF\�FRQVLGHUDWLRQV�FRPSHO�XV�WR�DOORZ�PXOWLSOH�WXSOHV�ZLWK�WKH�VDPH
DSSDUHQW�SULPDU\�NH\���6HH��KRZHYHU��(VVD\����RQ�SRO\LQVWDQWLDWLRQ���:H
KDYH�WKH� IROORZLQJ�SURSHUW\� WR�FRQWURO� WKH�PDQQHU� LQ�ZKLFK� WKLV�FDQ�EH
GRQH�



7RZDUG�D�0XOWLOHYHO�6HFXUH�5HODWLRQDO�'DWD�0RGHO���

3URSHUW\����3RO\LQVWDQWLDWLRQ� LQWHJULW\��5� VDWLVILHV� SRO\LQVWDQWLDWLRQ
LQWHJULW\��3,��LI�DQG�RQO\�LI�IRU�HYHU\�5F�ZH�KDYH�IRU�DOO�$L��$.��&$.��&L�→�$L�
7KLV� SURSHUW\� VWLSXODWHV� WKDW� WKH� XVHU�VSHFLILHG� DSSDUHQW� NH\� $.�� LQ

FRQMXQFWLRQ� ZLWK� WKH� FODVVLILFDWLRQ� DWWULEXWHV� &$.� DQG� &L�� IXQFWLRQDOO\
GHWHUPLQHV�WKH�YDOXH�RI�WKH�$L�DWWULEXWH��7KXV��3,�DOORZV�WKH�LQVWDQFH�LQ
)LJXUH���ZKLOH�UXOLQJ�RXW�WKH�6�LQVWDQFH�RI�)LJXUH���
3URSHUW\� �� LPSOLFLWO\� GHILQHV� ZKDW� LV� PHDQW� E\� WKH� SULPDU\� NH\� LQ� D

PXOWLOHYHO�UHODWLRQ��7KH�SULPDU\�NH\�RI�D�PXOWLOHYHO�UHODWLRQ�LV�$.�∪�&$.�∪
&5��ZKHUH�$.�LV�WKH�VHW�RI�GDWD�DWWULEXWHV�FRQVWLWXWLQJ�WKH�XVHU�VSHFLILHG
SULPDU\�NH\��&$.�LV�WKH�FODVVLILFDWLRQ�DWWULEXWH�IRU�GDWD�DWWULEXWHV�LQ�$.�
DQG�&5� LV� WKH� VHW� RI� FODVVLILFDWLRQ� DWWULEXWHV� IRU� GDWD� DWWULEXWHV� QRW� LQ
$.���7KLV�LV�EHFDXVH�IURP�3,�LW�IROORZV�WKDW�WKH�IXQFWLRQDO�GHSHQGHQF\�$.
∪�&$.�∪�&5�→�$5�KROGV��ZKHUH�$5�GHQRWHV�WKH�VHW�RI�DOO�DWWULEXWHV�WKDW�DUH
QRW�LQ�$.���1RWH�WKDW�IRU�VLQJOH�OHYHO�UHODWLRQV��&$.�DQG�&5�ZLOO�EH�HTXDO�WR
WKH�VDPH�FRQVWDQW�YDOXH�LQ�DOO�WXSOHV��7KHUHIRUH��LQ�WKLV�FDVH��3,�DPRXQWV
WR�VD\LQJ�WKDW�$.�→�$5��ZKLFK�LV�SUHFLVHO\�WKH�GHILQLWLRQ�RI�WKH�SULPDU\
NH\�LQ�UHODWLRQDO�WKHRU\�
:KHQ� 3URSHUW\� �� ZDV� RULJLQDOO\� SURSRVHG� >'(11��@�� LW� ZDV� FRXSOHG

ZLWK�DQ�DGGLWLRQDO�PXOWLYDOXHG�GHSHQGHQF\���09'��UHTXLUHPHQW�$.��&$.

→→�$L��&L�WR�EH�VDWLVILHG�E\�HYHU\�LQVWDQFH��7KHUH�DUH�XQSOHDVDQW�FRQVH�
TXHQFHV�RI� WKLV�PXOWLYDOXHG�GHSHQGHQF\� >-$-2��F@��+HQFH��RXU�SRVLWLRQ
LV� WKDW�SRO\LQVWDQWLDWLRQ� LQWHJULW\�VKRXOG�UHTXLUH�RQO\� WKH� IXQFWLRQDO�GH�
SHQGHQF\�VWDWHG�LQ�3URSHUW\���

7KH�83'$7(�RSHUDWLRQV

,Q� WKLV� VHFWLRQ�� ZH� GLVFXVV� LQ� GHWDLO� WKH� WKUHH� 83'$7(� RSHUDWLRQV
�,16(57��83'$7(�� DQG�'(/(7(���:H� NHHS� WKH� V\QWD[� IRU� WKHVH� RSHUD�
WLRQV�LGHQWLFDO�WR�WKH�VWDQGDUG�64/�
/HW�5�$���&��������$Q��&Q��7&��EH�D�PXOWLOHYHO�UHODWLRQ�VFKHPH��7R�VLPSOLI\

WKH� QRWDWLRQ�� ZH� XVH�$�� LQVWHDG� RI�$.� WR� GHQRWH� WKH� DSSDUHQW� SULPDU\
NH\�
&RQVLGHU�D�XVHU�ORJJHG�RQ�DW�DFFHVV�FODVV�F��1RZ�D�F�XVHU�GLUHFWO\�VHHV

DQG�LQWHUDFWV�ZLWK�WKH�F�LQVWDQFH�5F��)URP�WKH�YLHZSRLQW�RI�WKLV�XVHU��WKH
UHPDLQLQJ� LQVWDQFHV� RI� 5� FDQ� EH� FDWHJRUL]HG� LQWR� WKUHH� FDVHV�� 7KRVH
VWULFWO\�GRPLQDWHG�E\�F��WKRVH�WKDW�VWULFWO\�GRPLQDWH�F��DQG�WKRVH�LQFRP�
SDUDEOH�ZLWK� F�� 7KH� IROORZLQJ�QRWDWLRQ� LV�XVHIXO� IRU� HDVH� RI� UHIHUHQFH� WR
WKHVH�WKUHH�FDVHV�

�� 5F ′�F�≡�5F ′��VXFK�WKDW�F ′���F�
�� 5F ′!F�≡�5F ′��VXFK�WKDW�F ′�!�F�
�� 5F ′aF �≡�5F ′��VXFK�WKDW�F ′�LV�LQFRPSDUDEOH�ZLWK�F�

���������������������������������������������
�6HH�>'$7(��@�IRU�D�GHILQLWLRQ�RI�PXOWLYDOXHG�GHSHQGHQF\�
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6HFXULW\�FRQVLGHUDWLRQV��DQG�LQ�SDUWLFXODU�WKH�
�SURSHUW\��GLFWDWH�WKDW�D
F�XVHU�FDQQRW�LQVHUW��XSGDWH��RU�GHOHWH�D�WXSOH��GLUHFWO\�RU�LQGLUHFWO\��DV�D
VLGH�HIIHFW��LQ�DQ\�5F ′�F�RU�5F ′aF��6LQFH�DFWLRQV�RI�D�F�XVHU�FDQQRW�KDYH�DQ
LPSDFW�RQ�DQ\�5F ′�F��WKH�HIIHFW�RI�LQVHUWLRQ��XSGDWH��RU�GHOHWLRQ�PXVW�EH
FRQILQHG�WR�WKRVH�WXSOHV�LQ�5F�ZLWK�WXSOH�FODVV�HTXDO�WR�F��%HFDXVH�RI�WKH
LQWHULQVWDQFH�SURSHUW\�� WKHVH� FKDQJHV�PXVW�EH� SURSHUO\� UHIOHFWHG� LQ� WKH
LQVWDQFHV�5F ′!F��7KH�ODWWHU�HIIHFW�LV�RQO\�SDUWO\�GHWHUPLQHG�E\�WKH�FRUH�LQ�
WHJULW\�SURSHUWLHV�SUHVHQWHG�HDUOLHU��OHDYLQJ�URRP�IRU�GLIIHUHQW�LQWHUSUHWD�
WLRQV�>+$,*��D��-$-2��F��-$-2��I��/817����6$1'��D@�
6WULFWO\�VSHDNLQJ��LQ�DOO�FDVHV�ZH�VKRXOG�VSHDN�RI�RSHUDWLRQV�EHLQJ�SHU�

IRUPHG�E\�D�F�VXEMHFW��RU�F�SURFHVV��UDWKHU�WKDQ�D�F�XVHU��,W�LV��KRZHYHU�
HDVLHU�WR�LQWXLWLYHO\�FRQVLGHU�WKH�VHPDQWLFV�E\�YLVXDOL]LQJ�D�KXPDQ�EHLQJ
LQWHUDFWLYHO\� FDUU\LQJ� RXW� WKHVH� RSHUDWLRQV�� 7KH� VHPDQWLFV� GR� DSSO\
HTXDOO\�ZHOO�WR�SURFHVVHV�RSHUDWLQJ�RQ�EHKDOI�RI�D�XVHU��ZKHWKHU�LQWHUDF�
WLYH�RU�QRW�

7KH�,16(57�VWDWHPHQW��7KH� ,16(57�VWDWHPHQW�H[HFXWHG�E\�D�F�XVHU
KDV� WKH� IROORZLQJ� JHQHUDO� IRUP��ZKHUH� WKH� F� LV� LPSOLFLWO\� GHWHUPLQHG� E\
WKH�XVHU·V�ORJLQ�FODVV�

,16(57
,172 5F >�$ L�>��$ M @����@
9$/8(6 �D L�>��D M @����

,Q�WKLV�QRWDWLRQ��WKH�EUDFNHWV�GHQRWH�RSWLRQDO� LWHPV�DQG�WKH�HOOLSVLV� �����
VLJQLILHV�UHSHWLWLRQ��,I�WKH�OLVW�RI�DWWULEXWHV�LV�RPLWWHG��LW�LV�DVVXPHG�WKDW
DOO�WKH�GDWD�DWWULEXWHV�LQ�5F�DUH�VSHFLILHG��2QO\�GDWD�DWWULEXWHV�$L�FDQ�EH
H[SOLFLWO\� JLYHQ� YDOXHV�� 7KH� FODVVLILFDWLRQ� DWWULEXWHV�&L� DUH� DOO� LPSOLFLWO\
JLYHQ�WKH�YDOXH�F�
/HW�W�EH�WKH�WXSOH�VXFK�WKDW�W>$N@� �DN�LI�$N�LV�LQFOXGHG�LQ�WKH�DWWULEXWHV

OLVW�LQ�WKH�,16(57�VWDWHPHQW��W>$N@� �1XOO�LI�$N�LV�QRW�LQ�WKH�OLVW��DQG�W>& O@
 �F�IRU���≤�O�≤�Q��7KH�LQVHUWLRQ�LV�SHUPLWWHG�LI�DQG�RQO\�LI�

�� W>$�@�GRHV�QRW�FRQWDLQ�DQ\�QXOOV��DQG
�� IRU�DOO�X�∈�5F��X>$�@�≠�W>$�@�

,I�VR��WKH�WXSOH�W�LV�LQVHUWHG�LQWR�5F�DQG�E\�VLGH�HIIHFW�LQWR�DOO�5F ′!F��7KLV
LV��PRUHRYHU��WKH�RQO\�VLGH�HIIHFW�YLVLEOH�LQ�DQ\�5F ′!F�
7R�LOOXVWUDWH��VXSSRVH�D�8�XVHU�ZLVKHV�WR�LQVHUW�D�VHFRQG�WXSOH�LQWR�WKH

62'�LQVWDQFH�JLYHQ�LQ�)LJXUH����+H�RU�VKH�GRHV�VR�E\�H[HFXWLQJ�WKH�IRO�
ORZLQJ�,16(57�VWDWHPHQW�

,16(57
,172 62'
9$/8(6 �¶9R\DJHU·��¶([SORUDWLRQ·��¶0DUV·�
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$V�D�UHVXOW�RI�WKH�,16(57�VWDWHPHQW��WKH�8�LQVWDQFH�RI�62'�ZLOO�EHFRPH
DV�VKRZQ�LQ�)LJXUH�����7KLV�LQVHUWLRQ�LV�VWUDLJKWIRUZDUG�DQG�LGHQWLFDO�WR
ZKDW�KDSSHQV�LQ�VLQJOH�OHYHO�UHODWLRQV�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

Figure 9. SODU = SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

9R\DJHU 8 ([SORUDWLRQ 8 0DUV 8 8

Figure 10. SODU.

2Q� WKH� RWKHU�KDQG�� VXSSRVH� DQ� 6�XVHU�ZLVKHV� WR� LQVHUW� WKH� IROORZLQJ
WXSOH�LQWR�WKH�62'�LQVWDQFH�RI�)LJXUH���

,16(57
,172 62'
9$/8(6 �¶(QWHUSULVH·��¶6S\LQJ·��¶5LJHO·�

,Q�WKLV�FDVH��ZH�FDQ�HLWKHU�UHMHFW�WKH�LQVHUW�RU�DFFHSW�LW�DQG�DOORZ�WZR�WX�
SOHV�ZLWK�WKH�VDPH�DSSDUHQW�NH\�(QWHUSULVH�WR�FRH[LVW��DV�VKRZQ�LQ�)LJ�
XUH� ���� 7KH� WZR� WXSOHV� LQ� )LJXUH� ��� DUH� UHJDUGHG� DV� SHUWDLQLQJ� WR� WZR
GLVWLQFW� HQWLWLHV��:H� FDOO� VXFK� VLWXDWLRQV� RSWLRQDO� SRO\LQVWDQWLDWLRQV�� ,Q�
VHUWLRQ�RI�WKH�VHFUHW�WXSOH�LV�QRW�UHTXLUHG�IRU�FORVLQJ�VLJQDOLQJ�FKDQQHOV�
,W�LV�VHFXUH�WR�UHMHFW�VXFK�LQVHUWLRQV�
)LQDOO\��ZH� LOOXVWUDWH� WKH� VLWXDWLRQ�ZKHUH� SRO\LQVWDQWLDWLRQ� LV� UHTXLUHG

WR�FORVH�VLJQDOLQJ�FKDQQHOV��&RQVLGHU�WKH�62'6� LQVWDQFH�JLYHQ�LQ�)LJXUH
����8�XVHUV�VHH�DQ�HPSW\�LQVWDQFH�62'8��6XSSRVH�D�8�XVHU�H[HFXWHV�WKH
IROORZLQJ�,16(57�VWDWHPHQW�

,16(57
,172 62'
9$/8(6 �¶(QWHUSULVH·��¶([SORUDWLRQ·��¶7DORV·�

7KLV�LQVHUWLRQ�FDQQRW�EH�UHMHFWHG�RQ�WKH�JURXQGV�WKDW�D�WXSOH�ZLWK�DSSDU�
HQW�NH\�(QWHUSULVH�KDV�SUHYLRXVO\�EHHQ� LQVHUWHG�E\�DQ�6�XVHU��'RLQJ�VR



��� ,QIRUPDWLRQ�6HFXULW\

ZRXOG�HVWDEOLVK�D�VLJQDOLQJ�FKDQQHO� IURP�6� WR�8��7KHUHIRUH��E\�VHFXULW\
FRQVLGHUDWLRQV�ZH�DUH�FRPSHOOHG�WR�DOORZ�LQVHUWLRQ�RI�WKLV�WXSOH��,Q�VXFK
FDVHV��ZH�VD\�ZH�KDYH�UHTXLUHG�SRO\LQVWDQWLDWLRQ��7KH�HIIHFW�RI�WKLV�LQVHU�
WLRQ�E\�D�8�XVHU�LV�WR�FKDQJH�62'6�IURP�)LJXUH����WR�)LJXUH����

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

(QWHUSULVH 6 6S\LQJ 6 5LJHO 6 6

Figure 11. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 6 6S\LQJ 6 5LJHO 6 6

Figure 12. SODS.

7KH� 83'$7(� VWDWHPHQW��2XU� LQWHUSUHWDWLRQ� RI� WKH� VHPDQWLFV� RI� DQ
XSGDWH�FRPPDQG�LV�FORVH�WR�WKH�RQH�LQ�WKH�VWDQGDUG�UHODWLRQDO�PRGHO��$Q
XSGDWH�FRPPDQG�LV�XVHG�WR�FKDQJH�YDOXHV�LQ�WXSOHV�WKDW�DUH�DOUHDG\�SUH�
VHQW�LQ�D�UHODWLRQ��83'$7(�LV�D�VHW�OHYHO�RSHUDWRU��WKDW�LV��DOO�WXSOHV�LQ�WKH
UHODWLRQ�ZKLFK�VDWLVI\� WKH�SUHGLFDWH� LQ� WKH�83'$7(�VWDWHPHQW�DUH� WR�EH
XSGDWHG��SURYLGHG�WKH�UHVXOWLQJ�UHODWLRQ�VDWLVILHV�SRO\LQVWDQWLDWLRQ�LQWHJ�
ULW\��� 6LQFH� ZH� DUH� GHDOLQJ� ZLWK� PXOWLOHYHO� UHODWLRQV�� ZH� PD\� KDYH� WR
SRO\LQVWDQWLDWH� VRPH� WXSOHV��+RZHYHU�� DGGLWLRQ� RI� WXSOHV� GXH� WR� SRO\LQ�
VWDQWLDWLRQ�LV�WR�EH�PLQLPL]HG�WR�WKH�H[WHQW�SRVVLEOH�
7KH�83'$7(�VWDWHPHQW�H[HFXWHG�E\�D�F�XVHU�KDV�WKH�IROORZLQJ�JHQHUDO

IRUP�

83'$7( 5F

6(7 $ L� �V L�>��$ M� �V M @����
>:+(5( S@

+HUH� VN� LV� D� VFDODU� H[SUHVVLRQ�� DQG� S� LV� D� SUHGLFDWH� H[SUHVVLRQ� ZKLFK
LGHQWLILHV�WKRVH�WXSOHV�LQ�5F�WKDW�DUH�WR�EH�PRGLILHG��7KH�SUHGLFDWH�S�PD\
LQFOXGH� FRQGLWLRQV� LQYROYLQJ� WKH� FODVVLILFDWLRQ� DWWULEXWHV�� LQ� DGGLWLRQ� WR
WKH� XVXDO� FDVH� RI� GDWD� DWWULEXWHV�� 7KH� DVVLJQPHQWV� LQ� WKH� 6(7� FODXVH�
KRZHYHU��FDQ�LQYROYH�RQO\�WKH�GDWD�DWWULEXWHV��7KH�FRUUHVSRQGLQJ�FODVVLIL�
FDWLRQ�DWWULEXWHV�DUH�LPSOLFLWO\�GHWHUPLQHG�WR�EH�F�
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7KH�LQWHQW�RI�WKH�83'$7(�RSHUDWLRQ�LV�WR�PRGLI\�W>$N@�WR�VN�LQ�WKRVH�WX�
SOHV�W�LQ�5F�WKDW�VDWLVI\�WKH�JLYHQ�SUHGLFDWH�S��,Q�PXOWLOHYHO�UHODWLRQV��KRZ�
HYHU��ZH�KDYH�WR�LPSOHPHQW�WKH�LQWHQW�VOLJKWO\�GLIIHUHQWO\�WR�SUHYHQW�LOOHJDO
LQIRUPDWLRQ�IORZV�

([DPSOHV�RI�83'$7(�RSHUDWLRQV��&RQVLGHU� WKH�62'�LQVWDQFHV�JLYHQ� LQ
)LJXUHV� ��� DQG� ���� 6XSSRVH� WKH�8�XVHU�PDNHV� WKH� IROORZLQJ� XSGDWH� WR
62'8��VKRZQ�LQ�)LJXUH����

83'$7( 62'
6(7 'HVWLQDWLRQ� �7DORV
:+(5( 6WDUVKLS� �¶(QWHUSULVH·

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 1XOO 8 8

Figure 13. SODU.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 5LJHO 6 6

Figure 14. SODS.

7KH�FKDQJHV�WR�62'8�LQ�)LJXUH����DQG�62'6�LQ�)LJXUH����DUH�VKRZQ�LQ
)LJXUHV� ��� DQG����� UHVSHFWLYHO\��1RWH� WKDW� LQ� 62'6� WKH�'HVWLQDWLRQ� DW�
WULEXWH�IRU�WKH�(QWHUSULVH�LV�QRZ�SRO\LQVWDQWLDWHG��7KLV� LV�DQ�H[DPSOH�RI
UHTXLUHG�SRO\LQVWDQWLDWLRQ� WKDW�FDQQRW�EH�FRPSOHWHO\�HOLPLQDWHG�ZLWKRXW
LQWURGXFLQJ�VLJQDOLQJ�FKDQQHOV�RU�OLPLWLQJ�WKH�H[SUHVVLYH�FDSDELOLW\�RI�WKH
GDWDEDVH�

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

Figure 15. SODU.
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6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

(QWHUSULVH 8 ([SORUDWLRQ 8 5LJHO 6 6

Figure 16. SODS.

1H[W��VXSSRVH�VWDUWLQJ�ZLWK�WKH�LQVWDQFH�62'6�RI�)LJXUH����DQ�6�XVHU
LQYRNHV�WKH�IROORZLQJ�XSGDWH�

83'$7( 62'
6(7 2EMHFWLYH� �6S\LQJ
:+(5( 6WDUVKLS� �¶(QWHUSULVH·�$1'

'HVWLQDWLRQ� �¶5LJHO·

,Q�WKLV�FDVH��62'6�ZLOO�FKDQJH�WR�WKH�LQVWDQFH�JLYHQ�LQ�)LJXUH�����QRW�WR
WKH�LQVWDQFH�JLYHQ�LQ�)LJXUH�����7KDW�LV��WKH�XSGDWH�LV�LQWHUSUHWHG�DV�DS�
SO\LQJ�RQO\�WR�WKH�VHFRQG�WXSOH�LQ�)LJXUH�����QRW�WR�WKH�ILUVW�WXSOH��7KH�6�
XVHU�FDQ�JR�IURP�)LJXUH����WR�)LJXUH����E\�LVVXLQJ�WKH�IROORZLQJ�XSGDWH�

83'$7( 62'
6(7 2EMHFWLYH� �6S\LQJ
:+(5( 6WDUVKLS� �¶(QWHUSULVH·

7KLV�XSGDWH� LV� LQWHUSUHWHG�DV�DSSO\LQJ� WR�ERWK� WXSOHV� RI�)LJXUH� ���� 7KH
ILUVW�WZR�WXSOHV�RI�)LJXUH����UHVXOW�IURP�SRO\LQVWDQWLDWLRQ�RI�WKH�ILUVW�WX�
SOH�RI�)LJXUH�����7KH�WKLUG�WXSOH�RI�)LJXUH����UHVXOWV�IURP�WKH�QRUPDO�UH�
SODFHPHQW�XSGDWH�RI�WKH�VHFRQG�WXSOH�RI�)LJXUH����
1H[W�� VXSSRVH� D� 8�XVHU� PDNHV� WKH� IROORZLQJ� XSGDWH� WR� WKH� UHODWLRQ

VKRZQ�LQ�)LJXUH�����DVVXPH�6�XVHUV�VHH�WKH�LQVWDQFH�JLYHQ�LQ�)LJXUH�����

83'$7( 62'
6(7 2EMHFWLYH� �6S\LQJ
:+(5( 6WDUVKLS� �¶(QWHUSULVH·

$V�D�FRQVHTXHQFH�RI�WKH�DERYH�XSGDWH��QRW�RQO\�62'8�ZLOO�FKDQJH� IURP
WKH� UHODWLRQ� LQ� )LJXUH� ��� WR� WKH� RQH� LQ� )LJXUH� ���� EXW� 62'6� ZLOO� DOVR
FKDQJH� IURP� WKH� UHODWLRQ� LQ� )LJXUH� ��� WR� WKH� RQH� LQ� )LJXUH� ���� 7KXV�
SRO\LQVWDQWLDWLRQ� LQWHJULW\� LV�SUHVHUYHG� LQ� LQVWDQFHV�DW�GLIIHUHQW�VHFXULW\
OHYHOV��1RWH�LQ�SDUWLFXODU�KRZ�WKH�VHFUHW�WXSOH�LQ�)LJXUH����KDV�FKDQJHG
WR�WKH�VHFUHW�WXSOH�LQ�)LJXUH����GXH�WR�DQ�XSGDWH�E\�D�8�XVHU�
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6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

(QWHUSULVH 8 6S\LQJ 6 5LJHO 6 6

Figure 17. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 ([SORUDWLRQ 8 7DORV 8 8

(QWHUSULVH 8 6S\LQJ 6 7DORV 8 6

(QWHUSULVH 8 6S\LQJ 6 5LJHO 6 6

Figure 18. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 6S\LQJ 8 7DORV 8 8

Figure 19. SODU.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 6S\LQJ 8 7DORV 8 8

(QWHUSULVH 8 6S\LQJ 8 5LJHO 6 6

Figure 20. SODS.

(IIHFW�DW�WKH�XVHU·V�DFFHVV�FODVV��:H�QRZ�IRUPDOL]H�DQG�IXUWKHU�GHYHORS
WKH�LGHDV�VNHWFKHG�RXW�DERYH��)LUVW�FRQVLGHU�WKH�HIIHFW�RI�DQ�83'$7(�RS�
HUDWLRQ�E\�D�F�XVHU�RQ�5F��/HW

6� �^W�∈�5F��W�VDWLVILHV�WKH�SUHGLFDWH�S `

:H�GHVFULEH�WKH�HIIHFW�RI�WKH�83'$7(�RSHUDWLRQ�E\�FRQVLGHULQJ�HDFK�WXSOH
W�∈�6� LQ� WXUQ��7KH�QHW�HIIHFW� LV�REWDLQHG�DV� WKH�FXPXODWLYH�HIIHFW�RI�XS�
GDWLQJ�HDFK�WXSOH�LQ�WXUQ��7KH�83'$7(�RSHUDWLRQ�ZLOO�VXFFHHG�LI�DQG�RQO\
LI�DW�HYHU\�VWHS�LQ�WKLV�SURFHVV�SRO\LQVWDQWLDWLRQ� LQWHJULW\� LV�PDLQWDLQHG�



��� ,QIRUPDWLRQ�6HFXULW\

2WKHUZLVH�� WKH� HQWLUH� 83'$7(� RSHUDWLRQ� LV� UHMHFWHG� DQG� QR� WXSOHV� DUH
FKDQJHG��,Q�RWKHU�ZRUGV��83'$7(�KDV�DQ�DOO�RU�QRWKLQJ�LQWHJULW\�IDLOXUH
VHPDQWLFV�
,W�UHPDLQV�WR�FRQVLGHU�WKH�HIIHFW�RI�83'$7(�RQ�HDFK�WXSOH�W�∈�6��7KHUH

DUH� WZR�FRPSRQHQWV� WR� WKLV� HIIHFW��)LUVW�� WXSOH� W� LV� UHSODFHG�E\� WXSOH� W ′�
ZKLFK�LV�LGHQWLFDO�WR� W�H[FHSW�IRU�WKRVH�GDWD�DWWULEXWHV�WKDW�DUH�DVVLJQHG
QHZ�YDOXHV�LQ�WKH�6(7�FODXVH��7KLV�LV�WKH�IDPLOLDU�UHSODFHPHQW�VHPDQWLFV
RI�83'$7(�LQ�D�VLQJOH�OHYHO�ZRUOG�� ,Q�WHUPV�RI�RXU�HDUOLHU�H[DPSOHV��WKH
XSGDWH�RI�62'8�IURP�)LJXUH����WR�)LJXUH����DQG�WKHQ�WR�)LJXUH����LOOXV�
WUDWHV� WKLV� VHPDQWLFV�� 7KH� IRUPDO� GHILQLWLRQ� RI� WKH� WXSOH� W ′� REWDLQHG� E\
UHSODFHPHQW�VHPDQWLFV�LV�VWUDLJKWIRUZDUG��DV�IROORZV�
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6(7�FODXVH

6(7�FODXVH

6HFRQG��WR�DYRLG�VLJQDOLQJ�FKDQQHOV��ZH�PD\�QHHG�WR�LQWURGXFH�DQ�DG�
GLWLRQDO�WXSOH�W″�WR�KLGH�WKH�HIIHFWV�RI�WKH�UHSODFHPHQW�RI�W�E\�W ′�IURP�XV�
HUV� DW� OHYHOV� EHORZ� F� �F� LV� WKH� OHYHO� RI� WKH�XVHU� H[HFXWLQJ� WKH�83'$7(��
7KLV� ZLOO� RFFXU� ZKHQHYHU� WKHUH� LV� VRPH� DWWULEXWH�$N� LQ� WKH� 6(7� FODXVH
ZLWK�W>&N@���F��7KH�LGHD�LV�WKDW�WKH�RULJLQDO�YDOXH�RI�W>$N@�ZLWK�FODVVLILFD�
WLRQ�W>&N@�LV�SUHVHUYHG�LQ�W″��$W�WKH�VDPH�WLPH��WKH�FRUH�LQWHJULW\�SURSHU�
WLHV�SUHVHQWHG�HDUOLHU�PXVW�EH�SUHVHUYHG�
7R� EH� FRQFUHWH�� FRQVLGHU� RXU� HDUOLHU� H[DPSOH� RI� WKH� XSGDWH� RI� 62'6

IURP�)LJXUH���� WR�)LJXUH�����7KH�:+(5(�FODXVH�RI� WKH�83'$7(� VWDWH�
PHQW�SLFNV�XS�WKH�VHFRQG�WXSOH� LQ�)LJXUH�����ZKLFK�E\�UHSODFHPHQW�VH�
PDQWLFV� JLYHV� XV� WKH� VHFRQG� WXSOH� LQ� )LJXUH� ���� ,Q� WKLV� FDVH�� WKH
XQFODVVLILHG�([SORUDWLRQ�YDOXH�RI�WKH�2EMHFWLYH�DWWULEXWH�FRQWLQXHV�WR�EH
DYDLODEOH� LQ� WKH� ILUVW� WXSOH� RI� )LJXUH� ���� DQG�ZH�QHHG� QRW� LQWURGXFH� DQ
DGGLWLRQDO� WXSOH� WR� KLGH� WKH� HIIHFW� RI� WKLV� XSGDWH� IURP�8�XVHUV�� 2Q� WKH
RWKHU�KDQG��VXSSRVH�WKH�VDPH�83'$7(�VWDWHPHQW��WKDW�LV�

83'$7( 62'
6(7 2EMHFWLYH� �6S\LQJ
:+(5( 6WDUVKLS� �¶(QWHUSULVH·�$1'

'HVWLQDWLRQ� �¶5LJHO·

ZDV�H[HFXWHG�E\�DQ�6�XVHU� LQ�WKH�FRQWH[W�RI�)LJXUH�����3ULRU� WR� WKH�XS�
GDWH��8�XVHUV�VHH�WKH�LQVWDQFH�LQ�)LJXUH����DQG�WKHUHIRUH�PXVW�FRQWLQXH
WR�GR�VR�DIWHU�WKH�XSGDWH��7R�DFKLHYH�WKLV��62'6�FKDQJHV�IURP�)LJXUH���
WR�)LJXUH�����7KH� ILUVW� WXSOH� LQ�)LJXUH���� LV� WKH�WXSOH� W ′�GLFWDWHG�E\�WKH
XVXDO�UHSODFHPHQW�VHPDQWLFV��7KH�VHFRQG�WXSOH�LV�WKH�W″�WXSOH�LQWURGXFHG
WR�KLGH�WKH�HIIHFW�RI�WKH�XSGDWH�IURP�8�XVHUV�DQG�PDLQWDLQ�LQWHULQVWDQFH
LQWHJULW\��,W�VKRXOG�EH�QRWHG�WKDW�)LJXUH����DOVR�DFKLHYHV�WKHVH�WZR�JRDOV�
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+RZHYHU�� LW�GRHV�VR�DW� WKH� FRVW� RI� D� VSXULRXV�DVVRFLDWLRQ�EHWZHHQ�5LJHO
DQG�([SORUDWLRQ��ZKLFK�LV�DYRLGHG�LQ�)LJXUH����

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 6S\LQJ 6 5LJHO 6 6

(QWHUSULVH 8 ([SORUDWLRQ 8 1XOO 8 8

Figure 21. SODS.

6WDUVKLS 2EMHFWLYH 'HVWLQDWLRQ 7&

(QWHUSULVH 8 6S\LQJ 6 5LJHO 6 6

(QWHUSULVH 8 ([SORUDWLRQ 8 5LJHO 6 6

Figure 22. SODS.

:H�QRZ�JLYH�D�IRUPDO�GHILQLWLRQ�RI�WKH� W″�WXSOH�LQWURGXFHG�WR�FORVH�WKH
VLJQDOLQJ�FKDQQHO�
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7R�VXPPDUL]H��HDFK�WXSOH�W�∈�6�LV�UHSODFHG�E\�W ′�DQG�SRVVLEO\�LQ�DGGL�
WLRQ�E\� W″� �LI� W″�H[LVWV���7KH�XSGDWH� LV�VXFFHVVIXO� LI� WKH�UHVXOWLQJ�UHODWLRQ
VDWLVILHV� SRO\LQVWDQWLDWLRQ� LQWHJULW\�� 2WKHUZLVH�� WKH� XSGDWH� LV� UHMHFWHG�
DQG�WKH�RULJLQDO�UHODWLRQ�LV�OHIW�XQFKDQJHG�

(IIHFW� DERYH� WKH� XVHU·V� DFFHVV� FODVV�� 1H[W�� FRQVLGHU� WKH� HIIHFW� RI� WKH
83'$7(�RSHUDWLRQ�RQ�5F ′!F��7KLV��RI� FRXUVH��DVVXPHV� WKDW� WKH�83'$7(
RSHUDWLRQ�RQ�5F�ZDV�VXFFHVVIXO��8QIRUWXQDWHO\��WKH�FRUH�LQWHJULW\�SURSHU�
WLHV�GR�QRW�XQLTXHO\�GHWHUPLQH�KRZ�DQ�XSGDWH�E\�D�F�XVHU�WR�5F�VKRXOG�EH
UHIOHFWHG�LQ�XSGDWHV�WR�5F ′!F��6HYHUDO�GLIIHUHQW�RSWLRQV�KDYH�EHHQ�SURSRVHG
>+$,*��D��-$-2��I��/817����/817��@��,Q�WKLV�VHFWLRQ��ZH�ZLOO�DGRSW�WKH
PLQLPDO� SURSDJDWLRQ� UXOH� >-$-2��I@�� 7KLV� UXOH� LQWURGXFHV� H[DFWO\� WKRVH
WXSOHV� LQ�5F ′!F�QHHGHG� WR�SUHVHUYH� WKH� LQWHULQVWDQFH�SURSHUW\�³� WKDW� LV�
SXW� W ′� DQG� W″� �LI� W″� H[LVWV� DQG� VXUYLYHV� VXEVXPSWLRQ�� LQ� HDFK�5F ′!F� DQG
QRWKLQJ�HOVH��

���������������������������������������������
�7KH�PLQLPDO�SURSDJDWLRQ�UXOH�QHHGV� WR�EH�VOLJKWO\�H[WHQGHG� WR�DFKLHYH�FRP�

SOHWHQHVV��WKDW�LV��HYHU\�PXOWLOHYHO�UHODWLRQ�FDQ�EH�FRQVWUXFWHG�E\�VRPH�VHTXHQFH
RI�XSGDWH�RSHUDWLRQV��
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)RUPDOO\��WKH�HIIHFW�RI�WKH�83'$7(�RSHUDWLRQ�LV�DJDLQ�EHVW�H[SODLQHG�E\
IRFXVLQJ�RQ�D�SDUWLFXODU� WXSOH� W� LQ�6��/HW�$N�EH�DQ�DWWULEXWH� LQ� WKH�6(7
FODXVH�VXFK�WKDW�

�� W>&N@� �F�DQG
�� W>$N@� �[��ZKHUH�[�LV�QRQQXOO�

7KDW� LV�� WKH� F�XVHU� LV� DFWXDOO\� FKDQJLQJ� D�QRQQXOO� YDOXH� RI� W>$N@� DW� KLV
RZQ�OHYHO�WR�VN��1RZ�FRQVLGHU�5F ′!F��'XH�WR�SRO\LQVWDQWLDWLRQ��WKHUH�PD\
EH�VHYHUDO�WXSOHV�X�LQ�5F ′!F�ZKLFK�KDYH�WKH�VDPH�DSSDUHQW�SULPDU\�NH\�DV
W� �WKDW� LV��X>$���&�@� � W>$���&�@��DQG�PDWFK� W� LQ� WKH�$N�DQG�&N�DWWULEXWHV
�WKDW� LV�� X>$N�� &N@�  � W>$N�� &N@��� 7R� PDLQWDLQ� SRO\LQVWDQWLDWLRQ� LQWHJULW\
�WKDW�LV��3URSHUW\���SUHVHQWHG�HDUOLHU���ZH�PXVW�WKHUHIRUH�FKDQJH�WKH�YDOXH
RI�X>$N@�IURP�[�WR�VN��7KLV�UHTXLUHPHQW�LV�IRUPDOO\�VWDWHG�DV�IROORZV�

�� )RU�HYHU\�$N�∈�6(7�FODXVH�ZLWK�W>$N@�≠�1XOO��OHW

8� �^X�∈�5F ′!F��X>$���&�@� �W>$���&�@�∧�X>$N��&N@� �W>$N��&N@`

3RO\LQVWDQWLDWLRQ�LQWHJULW\�GLFWDWHV�WKDW�ZH�UHSODFH�HYHU\�X�∈�8�E\
X′�LGHQWLFDO�WR�X��H[FHSW�IRU

X′ >$N��&N@� ��VN��F!

7KLV�UXOH�DSSOLHV�FXPXODWLYHO\�IRU�GLIIHUHQW�$N·V�LQ�WKH�6(7�FODXVH�
7KLV� UHTXLUHPHQW� LV�DEVROXWH�DQG�PXVW�EH� ULJLGO\� HQIRUFHG�E\� WKH
'%06�

�� 7KH� VHFRQG� UHTXLUHPHQW� LV� LPSRVHG�E\� WKH� LQWHULQVWDQFH� LQWHJULW\
SURSHUW\��7R�PDLQWDLQ�LQWHULQVWDQFH�LQWHJULW\��ZH�LQVHUW�W ′�DQG�W″��LI
LW�H[LVWV�DQG�VXUYLYHV�VXEVXPSWLRQ��LQ�5F ′!F�

7KH�VHFRQG�UHTXLUHPHQW�LV�ZHDNHU�WKDQ�WKH�ILUVW��LQ�WKDW�LQWHULQVWDQFH
LQWHJULW\�RQO\�VWLSXODWHV�ZKDW�PLQLPXP�DFWLRQ�LV�UHTXLUHG��:H�FDQ�LQVHUW
D�QXPEHU�RI�DGGLWLRQDO�WXSOHV�Y�LQ�5F ′!F�ZLWK�Y>$���&�@� �W ′>$���&�@��VR�ORQJ
DV�WKH�FRUH� LQWHJULW\�SURSHUWLHV�DUH�QRW�YLRODWHG�� ,Q�SDUWLFXODU�� LI� W ′� VXE�
VXPHV� WKH� WXSOH� LQ�σ�^Y`�� F��� LQWHULQVWDQFH� LQWHJULW\� LV� VWLOO�PDLQWDLQHG�
0LQLPDO�SURSDJDWLRQ�PDNHV�WKH�VLPSOHVW�DVVXPSWLRQ�LQ�WKLV�FDVH��WKDW�LV�
RQO\�W ′�DQG�W″�DUH�LQVHUWHG�LQ�5F ′!F��DQG�QRWKLQJ�HOVH�LV�GRQH�

7KH� '(/(7(� VWDWHPHQW�� 7KH� '(/(7(� VWDWHPHQW� KDV� WKH� IROORZLQJ
JHQHUDO�IRUP�

'(/(7(
)520 5F

>:+(5( S�@
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+HUH��S�LV�D�SUHGLFDWH�H[SUHVVLRQ�ZKLFK�KHOSV�LGHQWLI\�WKRVH�WXSOHV�LQ�5F

WKDW�DUH� WR�EH�GHOHWHG��7KH� LQWHQW� RI� WKH�'(/(7(�RSHUDWLRQ� LV� WR� GHOHWH
WKRVH� WXSOHV� W� LQ�5F� WKDW� VDWLVI\� WKH� JLYHQ�SUHGLFDWH��%XW� LQ� YLHZ� RI� WKH

�SURSHUW\��RQO\�WKRVH�WXSOHV� W�WKDW�DGGLWLRQDOO\�VDWLVI\� W>7&@� �F�DUH�GH�
OHWHG�IURP�5F��7R�PDLQWDLQ�LQWHULQVWDQFH�LQWHJULW\��SRO\LQVWDQWLDWHG�WXSOHV
DUH�DOVR�GHOHWHG�IURP�5F ′!F�
,Q�SDUWLFXODU��LI�W>&�@� �F��WKHQ�DQ\�SRO\LQVWDQWLDWHG�WXSOHV�LQ�5F ′!F�ZLOO

EH�GHOHWHG�IURP�5F ′!F��+HQFH��WKH�HQWLW\�WKDW� W�UHSUHVHQWV�ZLOO�FRPSOHWHO\
GLVDSSHDU�IURP�WKH�PXOWLOHYHO�UHODWLRQ��2Q�WKH�RWKHU�KDQG��ZLWK�W>&�@���F�
WKH�HQWLW\�ZLOO�FRQWLQXH�WR�H[LVW�LQ�5W>&�@

�DQG�LQ�5F′!W>&�@
�

'HFRPSRVLWLRQ�DQG�UHFRYHU\

,Q� WKLV� VHFWLRQ�� ZH� JLYH� WKH� GHFRPSRVLWLRQ� DQG� UHFRYHU\� DOJRULWKPV
>-$-2��E@�IRUPXODWHG�LQ�WHUPV�RI�83'$7(�RSHUDWLRQV�GHILQHG�LQ�WKH�SUH�
YLRXV� VHFWLRQ�� :H� JLYH� DQ� DEVWUDFW� GHVFULSWLRQ� DQG� FRPSOHWH� IRUPDO
VWDWHPHQW�ILUVW�DQG�GHIHU�FRQVLGHUDWLRQ�RI�H[DPSOHV�XQWLO�ODWHU�

%DFNJURXQG��,Q�PXOWLOHYHO�UHODWLRQDO�'%06V��D�PDMRU�LVVXH�LV�KRZ�DF�
FHVV�FODVVHV�DUH�DVVLJQHG�WR�GDWD�VWRUHG�LQ�UHODWLRQV��7KH�SURSRVDOV�KDYH
LQFOXGHG� DVVLJQLQJ� DFFHVV� FODVVHV� WR� UHODWLRQV� >*52+��@�� DVVLJQLQJ� DF�
FHVV� FODVVHV� WR� LQGLYLGXDO� WXSOHV� LQ� D� UHODWLRQ� >*$59��@�� DQG� DVVLJQLQJ
DFFHVV� FODVVHV� WR� LQGLYLGXDO� DWWULEXWHV� RI� D� UHODWLRQ� >+,1.��@�� 8QOLNH
WKHVH� SURSRVDOV�� LQ� WKH� 6HFXUH� 'DWD� 9LHZV� �6HD9LHZ�� SURMHFW�� VHFXULW\
FODVVLILFDWLRQV�DUH�DVVLJQHG�WR�LQGLYLGXDO�GDWD�HOHPHQWV�RI�WKH�WXSOHV�RI�D
UHODWLRQ�>'(11����'(11��D��/817��@��IRU�H[DPSOH��VHH�)LJXUH�����

6+,3 2%- '(67 7&

(QW 8 ([S 8 7DORV 8 8

(QW 8 0LQH & 6LULXV & &

(QW 8 6S\ 6 5LJHO 6 6

(QW 8 &RXS 76 2ULRQ 76 76

Figure 23. A multilevel relation SOD.

0XOWLOHYHO�UHODWLRQV�LQ�6HD9LHZ�H[LVW�RQO\�DW�WKH�ORJLFDO�OHYHO��,Q�UHDOLW\�
PXOWLOHYHO�UHODWLRQV�DUH�GHFRPSRVHG� LQWR�D�FROOHFWLRQ�RI�VLQJOH�OHYHO�EDVH
UHODWLRQV� WKDW� DUH� WKHQ� SK\VLFDOO\� VWRUHG� LQ� WKH� GDWDEDVH�� &RPSOHWHO\
WUDQVSDUHQW� WR� XVHUV��PXOWLOHYHO� UHODWLRQV� DUH� UHFRQVWUXFWHG� IURP� WKHVH
EDVH�UHODWLRQV�RQ�XVHU�GHPDQG��7KHUH�DUH�VHYHUDO�SUDFWLFDO�DGYDQWDJHV�RI
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EHLQJ�DEOH�WR�GHFRPSRVH�DQG�VWRUH�D�PXOWLOHYHO�UHODWLRQ�DV�D�FROOHFWLRQ�RI
VLQJOH�OHYHO�EDVH�UHODWLRQV��,Q�SDUWLFXODU��WKH�XQGHUO\LQJ�WUXVWHG�FRPSXW�
LQJ�EDVH��7&%��FDQ�HQIRUFH�PDQGDWRU\�FRQWUROV�ZLWK�UHVSHFW�WR�WKH�VLQJOH�
OHYHO�EDVH�UHODWLRQV��7KLV�DOORZV�WKH�'%06�WR�UXQ�PRVWO\�DV�DQ�XQWUXVWHG
DSSOLFDWLRQ�ZLWK�UHVSHFW�WR�WKH�XQGHUO\LQJ�7&%�
,Q� 6HD9LHZ�� WKH� GHFRPSRVLWLRQ� RI�PXOWLOHYHO� UHODWLRQV� LQWR� VLQJOH�OHYHO

RQHV�LV�SHUIRUPHG�E\�DSSO\LQJ�WZR�GLIIHUHQW�W\SHV�RI�IUDJPHQWDWLRQ��KRUL�
]RQWDO� DQG� YHUWLFDO�� 7KXV� WKH� PXOWLOHYHO� UHODWLRQ� LQ� )LJXUH� ��� ZLOO� EH
VWRUHG�DV�QLQH�VLQJOH�OHYHO�IUDJPHQWV��RQH�SULPDU\�NH\�JURXS�UHODWLRQ�DQG
HLJKW�DWWULEXWH�JURXS�UHODWLRQV���VKRZQ�LQ�)LJXUH�����7KLV�OHDGV�WR�PDQ\
SUREOHPV�ZLWK�WKH�6HD9LHZ�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV�

�� 5HSHDWHG�MRLQV��7KH�YHUWLFDO�IUDJPHQWDWLRQ�XVHG�LQ�6HD9LHZ�UHVXOWV
LQ� VLQJOH�OHYHO� UHODWLRQV� WKDW� FRQVLVW� RI� WKH� NH\� DWWULEXWH�� D� VLQJOH
QRQNH\� DWWULEXWH�� DQG� WKHLU� FODVVLILFDWLRQ� DWWULEXWHV�� 7KLV� PHDQV
WKDW�QHDUO\�DOO�TXHULHV�LQYROYLQJ�PXOWLSOH�DWWULEXWHV�QHFHVVLWDWH�UH�
SHDWHG� �OHIW� RXWHU�� MRLQV� RI� VHYHUDO� VLQJOH�OHYHO� UHODWLRQV�� ,W� LV� ZHOO
NQRZQ� WKDW� MRLQ� LV�DQ�H[SHQVLYH�RSHUDWLRQ�DQG�VKRXOG�EH�DYRLGHG
ZKHQHYHU�SRVVLEOH�>6&+.��@�

�� 6SXULRXV�WXSOHV��:KHQHYHU�D�UHODWLRQ�LV�VWRUHG�DV�RQH�RU�PRUH�IUDJ�
PHQWV�� LW�PXVW�EH�SRVVLEOH� WR�UHFRQVWUXFW� WKH�RULJLQDO�UHODWLRQ�H[�
DFWO\� IURP� WKH� IUDJPHQWV��7KLV��KRZHYHU�� LV�QRW� WKH� FDVH�ZLWK� WKH
6HD9LHZ� GHFRPSRVLWLRQ��:KHQ� WKH� 6HD9LHZ� UHFRYHU\� DOJRULWKP� LV
DSSOLHG�WR�WKH�VLQJOH�OHYHO�UHODWLRQV�LQ�)LJXUH�����D�7RS�6HFUHW�XVHU
ZLOO� EH� VKRZQ� WKH� UHODWLRQ� JLYHQ� LQ� )LJXUH� ����:KLOH� WKH� RULJLQDO
7RS� 6HFUHW� LQVWDQFH� LQ� )LJXUH� ��� GHVFULEHV� IRXU�PLVVLRQV� IRU� WKH
(QWHUSULVH��D�7RS�6HFUHW�XVHU�ZLOO�VHH�WKH����PLVVLRQV�RI�)LJXUH���
XVLQJ�WKH�6HD9LHZ�DSSURDFK�

�� ,QFRPSOHWHQHVV��7KH�6HD9LHZ�GHFRPSRVLWLRQ�SXWV�VHYHUH�OLPLWDWLRQV
RQ�WKH�H[SUHVVLYH�FDSDELOLW\�RI�WKH�GDWDEDVH��6HYHUDO�LQVWDQFHV�WKDW
KDYH� UHDOLVWLF� DQG� XVHIXO� LQWHUSUHWDWLRQV� FDQQRW� EH� UHDOL]HG� LQ
6HD9LHZ�>-$-2��F��-$-2��D@�

�� /HIW�RXWHU�MRLQV��7KH�6HD9LHZ�UHFRYHU\�DOJRULWKP�LV�EDVHG�RQ�WKH�OHIW
RXWHU� MRLQ�RI�UHODWLRQV��0DQ\�WKHRUHWLFDO�FRPSOLFDWLRQV�DQG�SLWIDOOV
DULVH�ZLWK�RXWHU�MRLQV�>'$7(��@�

(OVHZKHUH�>-$-2��F@�ZH�KDYH�JLYHQ�D�PRGLILHG�YHUVLRQ�RI�WKH�6HD9LHZ
GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV��2XU�SULQFLSDO�PRWLYDWLRQ�ZDV�WR
JLYH�D�ORVVOHVV�GHFRPSRVLWLRQ�WKDW�DYRLGV�WKH�VSXULRXV�WXSOHV�LQWURGXFHG
E\�6HD9LHZ��7R�DFKLHYH�WKLV��ZH�VWRUH�WKH�UHODWLRQ�LQ�)LJXUH����DV�D�FRO�
OHFWLRQ�RI����VLQJOH�OHYHO�UHODWLRQV��)LJXUH����VKRZV�WKH�IRXU�SULPDU\�NH\
JURXS�UHODWLRQV��WKH�HLJKW�DWWULEXWH�JURXS�UHODWLRQV�DUH�LGHQWLFDO�WR�WKRVH
JLYHQ�LQ�)LJXUH���E��7KH�UHFRYHU\�DOJRULWKP��ZKHQ�DSSOLHG�WR� WKHVH�VLQ�
JOH�OHYHO�EDVH�UHODWLRQV��\LHOGV�H[DFWO\�WKH�RULJLQDO�LQVWDQFH�62'�LQ�)LJXUH
����:KLOH� WKHVH� DOJRULWKPV� HOLPLQDWH� WKH� ODVW� WKUHH� SUREOHPV�� WKH� ILUVW
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SUREOHP� UHPDLQV�� 6DWLVI\LQJ� TXHULHV� LQYROYLQJ� PXOWLSOH� DWWULEXWHV� UH�
TXLUHV�WDNLQJ�UHSHDWHG�QDWXUDO�MRLQV�RI�VHYHUDO�VLQJOH�OHYHO�UHODWLRQV�

'��8 6+,3

(QW 8

(a)

'��8 6+,3 2%- 6+,3 '(67 '��8

(QW 8 ([S 8 (QW 8 7DORV 8

'��& 6+,3 2%- 6+,3 '(67 '��&

(QW 8 0LQH & (QW 8 6LULXV &

'��6 6+,3 2%- 6+,3 '(67 '��6

(QW 8 6S\ 6 (QW 8 5LJHO 6

'��76 6+,3 2%- 6+,3 '(67 '��76

(QW 8 &RXS 76 (QW 8 2ULRQ 76

(b)

Figure 24. SeaView decomposition of Figure 23 into nine single-level base rela-
tions: (a) primary key group relation, (b) attribute group relations.

,Q�WKLV�VHFWLRQ��ZH�JLYH�D�GHFRPSRVLWLRQ�DOJRULWKP�DQG�D�UHFRYHU\�DOJR�
ULWKP�WKDW�KDYH�VHYHUDO�DGYDQWDJHV�RYHU�WKH�6HD9LHZ�DOJRULWKPV�DQG�RXU
HDUOLHU�DOJRULWKPV�GLVFXVVHG�DERYH�>/817����-$-2��F@�

�� 7KH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV�JLYHQ�EHORZ�DUH�EDVHG
RQ�RSHUDWLRQDO�VHPDQWLFV�IRU�WKH�83'$7(�RSHUDWLRQV�RQ�PXOWLOHYHO
UHODWLRQV��7KH�VHPDQWLFV�RI�PXOWLOHYHO�UHODWLRQV�DUH�GHILQHG�KHUH�E\
JHQHUDOL]LQJ�WKH�XVXDO�83'$7(�RSHUDWLRQV�RI�64/�
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6+,3 2%- '(67 7&

(QW 8 ([S 8 7DORV 8 8

(QW 8 ([S 8 6LULXV & &

(QW 8 0LQH & 7DORV 8 &

(QW 8 0LQH & 6LULXV & &

(QW 8 ([S 8 5LJHO 6 6

(QW 8 0LQH & 5LJHO 6 6

(QW 8 6S\ 6 7DORV 8 6

(QW 8 6S\ 6 6LULXV & 6

(QW 8 6S\ 6 5LJHO 6 6

(QW 8 ([S 8 2ULRQ 76 76

(QW 8 0LQH & 2ULRQ 76 76

(QW 8 6S\ 6 2ULRQ 76 76

(QW 8 &RXS 76 7DORV 8 76

(QW 8 &RXS 76 6LULXV & 76

(QW 8 &RXS 76 5LJHO 6 76

(QW 8 &RXS 76 2ULRQ 76 76

Figure 25. SeaView recovery algorithm applied to Figure 24.

�� 7KHVH�DOJRULWKPV��ZLWK�PLQRU�PRGLILFDWLRQV�� FDQ� HDVLO\� DFFRPPR�
GDWH�DOWHUQDWLYH�XSGDWH�VHPDQWLFV�WKDW�KDYH�EHHQ�SURSRVHG� LQ�WKH
OLWHUDWXUH�� ,W� LV�HYHQ�SRVVLEOH� WR�NHHS� WKH�GHFRPSRVLWLRQ� IL[HG�DQG
YDU\�WKH�UHFRYHU\�DOJRULWKPV�WR�UHDOL]H�WKHVH�DOWHUQDWH�VHPDQWLFV�

�� 7KHVH�DOJRULWKPV�DUH�FRPSXWDWLRQDOO\�HIILFLHQW�EHFDXVH�WKH�GHFRP�
SRVLWLRQ�XVHV�RQO\�KRUL]RQWDO�IUDJPHQWDWLRQ�WR�EUHDN�PXOWLOHYHO�UH�
ODWLRQV�LQWR�VLQJOH�OHYHO�RQHV��7KH�GHFRPSRVLWLRQ�IRU�WKH�UHODWLRQ�LQ
)LJXUH����LV�VKRZQ�LQ�)LJXUH�����6LQFH�WKH�GHFRPSRVLWLRQ�GRHV�QRW
UHTXLUH� DQ\� YHUWLFDO� IUDJPHQWDWLRQ�� LW� LV� SRVVLEOH� WR� UHFRQVWUXFW� D
PXOWLOHYHO� UHODWLRQ� IURP� WKH� XQGHUO\LQJ� VLQJOH�OHYHO� EDVH� UHODWLRQV
ZLWKRXW�KDYLQJ� WR�SHUIRUP�DQ\� �OHIW� RU�QDWXUDO�� MRLQV�� RQO\�XQLRQV
DUH�UHTXLUHG�

�� 7KH�UHFRYHU\�DQG�GHFRPSRVLWLRQV�DUH�VLPSOH�WR�VWDWH�DQG�SURYH�FRU�
UHFW�
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'��8 6+,3 &� &�

(QW 8 8 8

'��& 6+,3 &� &�

(QW 8 & &

'��6 6+,3 &� &�

(QW 8 6 6

'��76 6+,3 &� &�

(QW 8 76 76

Figure 26. Primary key group relations after Jajodia-Sandhu decomposition of Fig-
ure 23 into 12 single-level base relations. The eight attribute group relations are

identical to those in Figure 24b.

7KLV� VHFWLRQ� LV� RUJDQL]HG� DV� IROORZV�� )LUVW� ZH� JLYH� WKH� GHFRPSRVLWLRQ
DQG� UHFRYHU\� DOJRULWKPV� WKDW� SUHVHUYH� WKH� XSGDWH� VHPDQWLFV� SURSRVHG
HDUOLHU�� 7KHQ�ZH� JLYH� VHYHUDO� H[DPSOHV� WR� LOOXVWUDWH� WKH� EHKDYLRU� RI� WKH
XSGDWH�VHPDQWLFV��DV�ZHOO�DV�WKH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV�
:H�DOVR�VKRZ�KRZ�WKHVH�DOJRULWKPV��ZLWK�PLQRU�PRGLILFDWLRQV��FDQ�HDVLO\
DFFRPPRGDWH�DOWHUQDWLYH�XSGDWH�VHPDQWLFV�SURSRVHG�LQ�WKH�OLWHUDWXUH�

'HFRPSRVLWLRQ�� 7KH� GHFRPSRVLWLRQ� KDV� IRU� HDFK� PXOWLOHYHO� UHODWLRQ
VFKHPH

5�$���&��������$Q��&Q��7&�

D�FROOHFWLRQ�RI�VLQJOH�OHYHO�EDVH�UHODWLRQV

'F�$���&��������$Q��&Q�

RQH�IRU�HDFK�DFFHVV�FODVV�F�LQ�WKH�VHFXULW\�FODVV�ODWWLFH��7KLV�LV�LQ�FRQWUDVW
WR�WKH�6HD9LHZ�GHFRPSRVLWLRQ�>/817��@�DQG�WKH�-DMRGLD�6DQGKX�GHFRP�
SRVLWLRQ�>-$-2��F@��ERWK�RI�ZKLFK�UHTXLUH�VHYHUDO�VLQJOH�OHYHO�UHODWLRQV�DW
HDFK�DFFHVV�FODVV��FRPSDUH�)LJXUHV����DQG����ZLWK�)LJXUH�����
$�F�XVHU�DOZD\V�VHHV�DQG�LQWHUDFWV�ZLWK�WKH�F�LQVWDQFH�5F��:KHQHYHU�D

F�XVHU�LVVXHV�DQ�LQVHUW��XSGDWH��RU�GHOHWH�FRPPDQG�DJDLQVW�5F��WXSOHV�DUH
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DGGHG��PRGLILHG�� RU� UHPRYHG� IURP� WKH� XQGHUO\LQJ� EDVH� UHODWLRQ�'F�� $Q\
FKDQJH�LQ�5F�PXVW�EH�SURSHUO\�UHIOHFWHG�LQ�5F ′!F��DQG�LQ�'F ′!F���EXW�WKLV�LV
DFFRPSOLVKHG�GXULQJ�WKH�UHFRYHU\�RI�D�5F ′!F��7KXV��ZKHQ�'F�LV�PRGLILHG�DV
WKH� UHVXOW�RI�DQ�XSGDWH�E\�D�F�XVHU�� WKHUH�DUH�QR� FKDQJHV�PDGH� WR�DQ\
RWKHU� 'F ′�� F ′≠� F�� &KDQJHV� LQ� 5F ′!F� GXH� WR� XSGDWHV� E\� F�XVHUV� DUH� DF�
FRXQWHG�IRU�E\�WKH�UHFRYHU\�DOJRULWKP��ZKLFK�XVHV�U F ′ ≤F'F ′�WR�UHFRQVWUXFW
DQ�5F ′!F�

'8 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8

'& 6+,3 2%- '(67

(QW 8 0LQH & 6LULXV &

'6 6+,3 2%- '(67

(QW 8 6S\ 6 5LJHO 6

'76 6+,3 2%- '(67

(QW 8 &RXS 76 2ULRQ 76

Figure 27. New decomposition of Figure 23 into four single-level base relations.

7KH�,16(57�VWDWHPHQW��6XSSRVH�DV�D�UHVXOW�RI�WKH�,16(57�VWDWHPHQW��D
F�XVHU�VXFFHVVIXOO\�LQVHUWV�WKH�IROORZLQJ�WXSOH� W� LQ�5F�� W>$N@� �DN� LI�$N� LV
LQFOXGHG�LQ�WKH�DWWULEXWHV�OLVW�LQ�WKH�,16(57�VWDWHPHQW��W>$N@� �1XOO�LI�$N

LV�QRW�LQ�WKH�OLVW��DQG�W>& O@� �F�IRU���≤�O�≤�Q��,Q�WKLV�FDVH��WKH�GHFRPSRVL�
WLRQ�ZLOO�DOVR�LQVHUW�WKH�WXSOH�W�LQWR�'F�
7KHUH�DUH�QR�RWKHU�LQVHUWLRQV��7KH�UHFRYHU\�DOJRULWKP�ZLOO�XVH�U F ′ ≤F'F ′

WR�UHFRQVWUXFW�DQ�5F ′!F��DQG�VLQFH�W�LV�LQ�'F��LW�ZLOO�EH�LQ�5F ′!F�DV�ZHOO�

7KH�83'$7(�VWDWHPHQW��:H�QH[W�FRQVLGHU�WKH�HIIHFW�RI�DQ�83'$7(�RS�
HUDWLRQ�E\�D�F�XVHU�RQ�5F��$V�ZH�LQGLFDWHG�HDUOLHU��RQO\�'F�ZLOO�EH�PRGLILHG
E\�WKH�GHFRPSRVLWLRQ�DOJRULWKP�
6XSSRVH� WKDW� D� F�XVHU� VXFFHVVIXOO\� H[HFXWHV� WKH� 83'$7(� VWDWHPHQW

SUHVHQWHG�HDUOLHU��2QFH�DJDLQ��OHW

6� �^W�∈�5F��W�VDWLVILHV�WKH�SUHGLFDWH�S `
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)RU�HDFK�W�∈�6��WKHUH�DUH�WZR�FDVHV�WR�FRQVLGHU�

�� W>$���&�@� �F��,Q�WKLV�FDVH��WKHUH�FDQ�EH�QR�SRO\LQVWDQWLDWLRQ�RI�WXSOH
W�DW�WKH�F� OHYHO��7KHUH� LV�H[DFWO\�RQH�WXSOH�X�∈�'F�ZLWK�X>$���&�@� 
W>$���&�@��:H�UHSODFH�X�E\�WKH�IROORZLQJ�WXSOH�X′��X′ >$���&�@� �X>$��
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�� W>$���&�@���F�� ,Q�WKLV�FDVH��WXSOH� W�ZLOO�EH�SRO\LQVWDQWLDWHG�DW�WKH�F
OHYHO�� 7KHUH� DUH� WZR� VHSDUDWH� VXEFDVHV�� GHSHQGLQJ� RQ�ZKHWKHU� RU
QRW�W�KDV�EHHQ�SRO\LQVWDQWLDWHG�DW�OHYHO�F�SULRU�WR�WKH�XSGDWH��7KHVH
VXEFDVHV�DUH�DV�IROORZV�

�D�� W� LV�QRW�SRO\LQVWDQWLDWHG�DW� OHYHO� F� SULRU� WR� WKH�XSGDWH�� ,Q� WKLV
FDVH��WKHUH�GRHV�QRW�H[LVW�D�WXSOH�X�∈�'F�ZLWK�X>$���&�@� �W>$���&�@�
�1RWH�WKDW�WKH�WXSOH�FODVV�RI�W�PXVW�EH�VWULFWO\�OHVV�WKDQ�F��
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7KH� V\PERO� ´"µ� LV� D� VSHFLDO� V\PERO� WKDW� FDQ� QHYHU� EH� DQ� DFWXDO
YDOXH� IRU�DQ�DWWULEXWH�� ,W�SOD\V�DQ� LPSRUWDQW�UROH�GXULQJ� UHFRYHU\�
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7KH�'(/(7(�VWDWHPHQW��)LQDOO\��VXSSRVH�D�F�XVHU�H[HFXWHV�WKH�'(/(7(
VWDWHPHQW�JLYHQ�HDUOLHU��DQG�DV�D�UHVXOW�DOO�WXSOHV�W�WKDW�VDWLVI\�WKH�SUHGL�
FDWH�S�DQG�W>7&@� �F�DUH�GHOHWHG�IURP�5F��,Q�WHUPV�RI�WKH�GHFRPSRVLWLRQ�
IRU�HDFK�VXFK�W��ZH�GHOHWH�IURP�'F�WKH�WXSOH�X�WKDW�VDWLVILHV�WKH�IROORZLQJ
FRQGLWLRQ��X>$���&�@� �W>$���&�@��DQG�IRU�N�≠�����L��LI�W>&L@� �F��WKHQ�X>$L��&L@
 �W>$L��&L@�DQG��LL��LI�W>&L@���F��WKHQ�X>$L��&L@� ��"��W>&L@!�

6XPPDU\��7R�VXPPDUL]H��ZKHQHYHU�D�F�XVHU�XSGDWHV� WKH� LQVWDQFH�5F�
DOO� FKDQJHV� DUH� FRQILQHG� WR� WKH� XQGHUO\LQJ� EDVH� UHODWLRQ� 'F�� 7KHVH
FKDQJHV� OHDYH� ULSSOH�PDUNV�RQ�5F ′!F��EXW� WKLV� LV� DFFRPSOLVKHG�ZKHQ�DQ
5F ′!F�LV�FRQVWUXFWHG�XVLQJ�WKH�UHFRYHU\�DOJRULWKP�GHVFULEHG�QH[W�

5HFRYHU\�DOJRULWKP��:H� DUH�QRZ�SUHSDUHG� WR� JLYH� WKH� UHFRYHU\� DOJR�
ULWKP��7R�UHFRYHU�WKH�LQVWDQFH�5F�DW�DQ�DFFHVV�FODVV�F��WKH�IROORZLQJ�VWHSV
DUH�WDNHQ�

�� )RUP�WKH�XQLRQ�U F′≤F'F′��([WHQG�HDFK�WXSOH�W�LQ�WKH�UHVXOW�E\�DSSHQG�
LQJ�WR�LW�LWV�WXSOH�FODVV�FRPSXWHG�DV�W>7&@� �OXE^W>&L@��L� ���������Q`��&DOO
WKH�HQG�UHVXOW�5F�

�� 1H[W��DSSO\�WKH�IROORZLQJ�NH\�GHOHWLRQ�UXOH�WR�5F�

/HW�W��∈�5F�EH�VXFK�WKDW�W�>&�@���F�DQG�5F�GRHV�QRW�FRQWDLQ�D�W��VXFK
WKDW� W�>$���&�@�  � W�>$���&�@� DQG� W�>7&@�  � W�>&�@�� 7KHQ�ZH� GHOHWH� W�
IURP�5F��,I�W�>7&@� �F��WKHQ�ZH�GHOHWH�W��IURP�'F�DV�ZHOO�
�&RPPHQW�� 7KH�PRWLYDWLRQ� IRU� WKH� NH\� GHOHWLRQ� UXOH� LV� WKDW� D� ORZ
XVHU�KDV�GHOHWHG�WKH�WXSOH�NH\��:H�WKHUHIRUH�GHOHWH�DOO�KLJKHU�WXSOHV
ZLWK� WKDW� ORZ�NH\� DV�ZHOO��&OHDUO\� W�� LV� QR� ORQJHU�QHHGHG�� DQG� LWV
HOLPLQDWLRQ� DPRXQWV� WR� JDUEDJH� FROOHFWLRQ�� :H� FRXOG� DOWHUQDWHO\
SODFH� WXSOHV� VXFK� DV� W�� LQ� D� VHSDUDWH� UHODWLRQ� DQG�KDYH� WKHP�H[�
DPLQHG� E\� D� VXLWDEO\� FOHDUHG� VXEMHFW� EHIRUH� SK\VLFDOO\� SXUJLQJ
WKHP�IURP�WKH�GDWDEDVH��

�� $SSO\�WKH�IROORZLQJ�"�UHSODFHPHQW�UXOH�WR�5F�

/HW�W�EH�D�WXSOH�LQ�5F�ZLWK�W>$N@� �´"�µ�7KHUH�DUH�WZR�FDVHV�

�D��7KHUH� LV�D� WXSOH�X�∈�5F�ZLWK�X>$���&�@� � W>$���&�@�DQG�7&>X@� 
W>&N@��,Q�WKLV�FDVH��ZH�UHSODFH�´"µ�LQ�W>$N@�E\�X>$N@�

�E��7KHUH�GRHV�QRW�H[LVW�D�WXSOH�X�∈�5F�ZLWK�W>$���&�@� �X>$���&�@�DQG
7&>X@� �W>&N@��,Q�WKLV�FDVH��ZH�UHSODFH�´"µ�E\�´1XOOµ�LQ�W>$N@�

�� )LQDOO\��PDNH�5F� VXEVXPSWLRQ� IUHH� E\� UHPRYLQJ� DOO� WXSOHV�V� VXFK
WKDW�IRU�VRPH�W�∈�5F�DQG�IRU�DOO�L� ���������Q�HLWKHU��L��W>$L��VL@� �V>$L�
VL@�RU��LL��W>$L@�≠�1XOO�DQG�V>$L@� �1XOO�
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([DPSOHV�� ,Q� WKLV� VHFWLRQ�� ZH� JLYH� VHYHUDO� H[DPSOHV� WR� LOOXVWUDWH� WKH
XSGDWH�VHPDQWLFV�DV�ZHOO�DV�WKH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV�

7KH�,16(57�VWDWHPHQW��7R�LOOXVWUDWH�KRZ�WKH�,16(57�VWDWHPHQW�ZRUNV�
FRQVLGHU�62'8�DQG�'8�DV�VKRZQ�LQ�)LJXUH�����6XSSRVH�D�8�XVHU�ZLVKHV
WR�LQVHUW�D�VHFRQG�WXSOH�LQWR�62'8��+H�GRHV�VR�E\�H[HFXWLQJ�WKH�IROORZLQJ
,16(57�VWDWHPHQW�

,16(57
,172 62'
9$/8(6 �¶9R\·��¶([S·��¶0DUV·�

$V�D�UHVXOW�RI�WKH�DERYH�,16(57�VWDWHPHQW��62'8�DQG�'8�ZLOO�FKDQJH�WR
WKH�UHODWLRQV�VKRZQ�LQ�)LJXUH�����,I�ZH�ZLVK�WR�UHFRYHU�62'8��DIWHU�VWHS��
RI� WKH� UHFRYHU\� DOJRULWKP�� 62'8� LV� LGHQWLFDO� WR� '8� RI� )LJXUH� ���� 6LQFH
VWHSV�������DQG���RI�WKH�UHFRYHU\�DOJRULWKP�PDNH�QR�FKDQJHV�WR�62'8��ZH
KDYH�WKH�GHVLUHG�UHVXOW�

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8 8 (QW 8 ([S 8 7DORV 8

Figure 28. SODU and DU.

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8 8 (QW 8 ([S 8 7DORV 8

9R\ 8 ([S 8 0DUV 8 8 9R\ 8 ([S 8 0DUV 8

Figure 29. SODU and DU after INSERT.

7KH� 83'$7(� VWDWHPHQW�� 7R� LOOXVWUDWH� WKH� HIIHFW� RI� DQ� 83'$7(� VWDWH�
PHQW�� FRQVLGHU� WKH� LQVWDQFH�62'8� DQG� WKH� FRUUHVSRQGLQJ�EDVH� UHODWLRQ
'8��JLYHQ�LQ�)LJXUH�����/HW�WKH� LQVWDQFH�62'6�EH� LGHQWLFDO� WR�62'8�� LQ
ZKLFK� FDVH� '6� LV� HPSW\�� DV� VKRZQ� LQ� )LJXUH� ���� 6XSSRVH� DQ� 6�XVHU
PDNHV�WKH�IROORZLQJ�XSGDWH�WR�62'6�

83'$7( 62'
6(7 '(67� �¶5LJHO·
:+(5( 6+,3� �¶(QW·
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8VLQJ� WKH� XSGDWH� VHPDQWLFV�� 62'6� ZLOO� KDYH� RQH� WXSOH�� DV� VKRZQ� LQ
)LJXUH�����DQG�E\�VWHS���RI�WKH�GHFRPSRVLWLRQ�DOJRULWKP��'6��ZKLFK�ZDV
HPSW\�SULRU�WR�WKLV�XSGDWH��ZLOO�KDYH�D�VLQJOH�WXSOH��FDOO�LW�X��DV�VKRZQ�LQ
)LJXUH�����1RWLFH�WKDW�X�FRQWDLQV�WKH�SDLU��"��8!��ZKLFK� LQGLFDWHV� WKDW
GXULQJ�WKH�UHFRYHU\�´"µ�LV�WR�EH�UHSODFHG�E\�WKH�DWWULEXWH�YDOXH�LQ�WKH�FRU�
UHVSRQGLQJ�8�WXSOH��6SHFLILFDOO\��OHW�XV�XVH�WKH�UHFRYHU\�DOJRULWKP�WR�UH�
FRQVWUXFW� 62'6�� 7KH� ILUVW� VWHS� RI� WKH� DOJRULWKP� IRUPV� WKH� XQLRQ� RI
UHODWLRQV�'8� DQG�'6� LQ� )LJXUHV� ��� DQG� ���� 6LQFH� WKH� NH\� GHOHWLRQ� UXOH
GRHV� QRW� DSSO\��ZH�PRYH� WR� VWHS� �� �"�UHSODFHPHQW� UXOH�� RI� WKH� UHFRYHU\
DOJRULWKP��ZKLFK�ZLOO�UHSODFH��"��8!�LQ�X�E\��([S��8!��WKDW�LV��WKH�FRU�
UHVSRQGLQJ�DWWULEXWH�YDOXHV�IRU�¶(QW·�LQ�WKH�ORZHU�OHYHO�UHODWLRQ�'8�LQ�)LJ�
XUH������$IWHU� WKH�XQLRQ� LV�PDGH� VXEVXPSWLRQ� IUHH� �VWHS� ����ZH� HQG�XS
ZLWK�WKH�LQVWDQFH�62'6�LQ�)LJXUH�����DV�GHVLUHG�

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 1XOO 8 8 (QW 8 ([S 8 1XOO 8

Figure 30. SODU and DU.

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 1XOO 8 8

Figure 31. SODS and DS.

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 5LJHO 6 6 (QW 8 " 8 5LJHO 6

Figure 32. SODS and DS after UPDATE by S-user.

1H[W��VXSSRVH�D�8�XVHU�H[HFXWHV�WKH�IROORZLQJ�FRPPDQG�DJDLQVW�62'8�
VKRZQ�LQ�)LJXUH����

83'$7( 62'
6(7 '(67� �¶7DORV·
:+(5( 6+,3� �¶(QW·
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$V�D�UHVXOW�RI�WKLV�XSGDWH��WKH�GHFRPSRVLWLRQ�DOJRULWKP�RQO\�PRGLILHV�'8

IURP�WKH�LQVWDQFH�LQ�)LJXUH����WR� WKH�RQH� LQ�)LJXUH�����5HDGHUV�VKRXOG
YHULI\�WKDW�LI�ZH�XVH�WKH�UHFRYHU\�WR�REWDLQ�62'6��ZH�REWDLQ�WKH�LQVWDQFH
JLYHQ�LQ�)LJXUH�����DOWKRXJK�QR�FKDQJHV�ZHUH�PDGH�WR�WKH�XQGHUO\LQJ�'6

DV�D�UHVXOW�RI�WKH�DERYH�XSGDWH��2I�FRXUVH��62'8�ZLOO�FKDQJH�WR�WKH�UHOD�
WLRQ�VKRZQ�LQ�)LJXUH����

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8 8 (QW 8 ([S 8 7DORV 8

Figure 33. SODU and DU after UPDATE by U-user.

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8 8 (QW 8 " 8 5LJHO 6

(QW 8 ([S 8 5LJHO 6 6

Figure 34. SODS and DS after UPDATE by U-user.

6+,3 2%- '(67 7& 6+,3 2%- '(67

(QW 8 ([S 8 7DORV 8 8 (QW 8 6S\ 6 5LJHO 6

(QW 8 6S\ 6 5LJHO 6 6

Figure 35. SODS and DS after UPDATE by S-user.

)LQDOO\��VXSSRVH�VWDUWLQJ�ZLWK�WKH�LQVWDQFH�62'6�VKRZQ� LQ�)LJXUH����
DQ�6�XVHU�LQYRNHV�WKH�IROORZLQJ�XSGDWH�

83'$7( 62'
6(7 2%-� �¶6S\·
:+(5( 6+,3� �¶(QW·�$1'

'(67� �¶5LJHO·

8VLQJ�WKH�XSGDWH�VHPDQWLFV��WKH�62'6�ZLOO�FKDQJH�WR�WKH�LQVWDQFH�JLYHQ
LQ�)LJXUH�����QRW�WR�WKH�LQVWDQFH�JLYHQ�LQ�)LJXUH����
7KLV�IROORZV�IURP�RXU�XQGHUO\LQJ�SKLORVRSK\��:H�QHHG�WR�SRO\LQVWDQWLDWH

HLWKHU�WR�FORVH�D�VLJQDOLQJ�FKDQQHO�RU�WR�SURYLGH�D�FRYHU�VWRU\��,Q�WHUPV�RI



��� ,QIRUPDWLRQ�6HFXULW\

WKH�GHFRPSRVLWLRQ��'6�ZLOO�FKDQJH�IURP�WKH�LQVWDQFH�LQ�)LJXUH����WR�WKH
RQH�LQ�)LJXUH�����:H�OHDYH�LW�WR�WKH�UHDGHU�WR�YHULI\�WKDW�WKH�UHFRYHU\�DO�
JRULWKP�RSHUDWHV�FRUUHFWO\�

6+,3 2%- '(67 7&

(QW 8 ([S 8 7DORV 8 8

(QW 8 ([S 8 5LJHO 6 6

(QW 8 6S\ 6 5LJHO 6 6

Figure 36. A multilevel relation different from the one in Figure 35.

7KH�'(/(7(�VWDWHPHQW��7R�LOOXVWUDWH�KRZ�WKH�'(/(7(�VWDWHPHQW�ZRUNV�
VXSSRVH�D�8�XVHU�H[HFXWHV�WKH�IROORZLQJ�'(/(7(�VWDWHPHQW�DJDLQVW� WKH
UHODWLRQ� 62'8� VKRZQ� LQ� )LJXUH� ��� �DVVXPH� 6�XVHUV� VHH� WKH� LQVWDQFH
JLYHQ�LQ�)LJXUH�����'8�LV�DV�LQ�)LJXUH�����DQG�'6�LV�DV�LQ�)LJXUH�����

'(/(7(
)520 62'
:+(5( 6+,3� �¶(QW·

)ROORZLQJ�WKH�GHOHWH�VHPDQWLFV��QRW�RQO\�ZLOO�62'8�EHFRPH�HPSW\��EXW
62'6�ZLOO�EHFRPH�HPSW\�DV�ZHOO��$V�D�FRQVHTXHQFH�RI�WKH�DERYH�'(/(7(�
WKH�GHFRPSRVLWLRQ�DOJRULWKP�ZLOO�PDNH�'8�LQ�)LJXUH����HPSW\��7KH�UHDGHU
VKRXOG�YHULI\�WKDW�DOWKRXJK�'6� �VKRZQ�LQ�)LJXUH�����GRHV�QRW�FKDQJH�� LI
ZH�ZHUH�WR�UHFRYHU�62'6�DW�WKLV�SRLQW��WKH�NH\�GHOHWLRQ�UXOH�LQ�WKH�UHFRY�
HU\�DOJRULWKP�ZLOO�GHOHWH�WKH�WXSOH�IRU�WKH�VWDUVKLS�¶(QW�·

2SWLRQV� DQG� H[WHQVLRQV�� $V� ZH� LQGLFDWHG� HDUOLHU�� WKH� FRUH� LQWHJULW\
SURSHUWLHV� GR� QRW� XQLTXHO\� GHWHUPLQH� KRZ� DQ�XSGDWH� E\� D� F�XVHU� WR�5F

VKRXOG� EH� SURSDJDWHG� WR�5F ′!F�� DQG� VHYHUDO� GLIIHUHQW� RSWLRQV� KDYH� EHHQ
SURSRVHG��7KLV�VHFWLRQ�GLVFXVVHV�WKH�UHODWLRQVKLS�EHWZHHQ�WKH�DOJRULWKPV
DQG�WKHVH�RSWLRQV�
7KH� DOJRULWKPV� FDQ� DFFRPPRGDWH� WKH� 6HD9LHZ� 09'� UHTXLUHPHQW

>'(11����'(11��D�� /817��@�PRVW� HDVLO\�� 1R� FKDQJHV� DUH� UHTXLUHG� LQ
WKH� GHFRPSRVLWLRQ� DOJRULWKP�� RQO\� WKH� UHFRYHU\� DOJRULWKP� QHHGV� WR� EH
PRGLILHG�� 6WHSV� �� DQG� �� RI� WKH� UHFRYHU\� DOJRULWKP� UHPDLQ� WKH� VDPH� DV
EHIRUH��6WHSV���DQG���DUH�FKDQJHG�DV�IROORZV�

�′� )RU�HDFK�L����≤�L�≤�Q��UHSHDW�WKH�IROORZLQJ�



7RZDUG�D�0XOWLOHYHO�6HFXUH�5HODWLRQDO�'DWD�0RGHO���

:KHQHYHU�W��DQG�W��DUH�WZR�WXSOHV�LQ�5F�VXFK�WKDW�W�>$���&�@� �W�>$��
&�@��DGG�WR�5F�WXSOHV�W��DQG�W���GHILQHG�DV�IROORZV�

W�>$���&�@  W�>$���&�@
W�>$L��&L@  W�>$L��&L@
W�>$M��&M@  W�>$M��&M@������M�≤�Q��M�≠�L
W�>$���&�@  W�>$���&�@
W�>$L��&L@  W�>$L��&L@
W�>$M��&M@  W�>$M��&M@������M�≤�Q��M�≠�L

�′� 'HOHWH�IURP�5F�DQ\�WXSOH�WKDW�KDV�D�´"µ�DV�D�YDOXH�
�′� 6WHS��′�LV�WKH�VDPH�DV�VWHS���RI�WKH�RULJLQDO�DOJRULWKP�

7KH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV�ZLOO�KDYH�WR�EH�PRGLILHG�WR
DFFRPPRGDWH�WKH�VLQJOH�WXSOH�SHU�WXSOH�FODVV�DSSURDFK�>6$1'��D@�RU�WKH
FORVHO\� UHODWHG� VLQJOH� PDLQWHQDQFH� OHYHO� DWWULEXWH� DSSURDFK� DGRSWHG� E\
WKH�/'9�PRGHO� >+$,*��D��67$&��@��7KHVH�PRGLILFDWLRQV�DUH�VWUDLJKWIRU�
ZDUG�
7KLV�EULQJV�XV�WR� WKH�G\QDPLF�09'�UHTXLUHPHQW� >/817��@�� ,W� WRR�ZLOO

UHTXLUH�PRGLILFDWLRQV�WR�ERWK�WKH�GHFRPSRVLWLRQ�DQG�UHFRYHU\�DOJRULWKPV
DORQJ� WKH� OLQHV� GLVFXVVHG� HOVHZKHUH� >-$-2��D@�� 7KH�PDMRU� GLIIHUHQFH� LV
WKDW� LQ� WKH� VLQJOH�OHYHO� UHODWLRQV�'F�� ZH� ZLOO� VRPHWLPHV� UHTXLUH� ´"µ� IRU
FODVVLILFDWLRQ� DWWULEXWHV� �UDWKHU� WKDQ� MXVW� IRU� GDWD� DWWULEXWHV�� DV� VKRZQ
HDUOLHU��
,W�LV�DOVR�SRVVLEOH�WR�KDYH�D�VLQJOH�GHFRPSRVLWLRQ�DOJRULWKP�IRU�XSGDWHV

DQG�UHDOL]H� WKH�VHYHUDO�DOWHUQDWH�VHPDQWLFV�GLVFXVVHG�DERYH� �DQG�RWKHUV
IURP�WKH�OLWHUDWXUH��E\�YDU\LQJ�RQO\�WKH�UHFRYHU\�DOJRULWKP�

&RQFOXVLRQ

,Q� WKLV� HVVD\��ZH�KDYH� H[DPLQHG� WKH� HQWLW\� LQWHJULW\� UHTXLUHPHQW� DQG
WKH� VHPDQWLFV� RI� YDULRXV�XSGDWH� RSHUDWLRQV� LQ� WKH� FRQWH[W� RI�PXOWLOHYHO
UHODWLRQV��7KHVH� FRQFHSWV�ZHUH� VXLWDEO\� JHQHUDOL]HG� WR� GHDO�ZLWK� SRO\LQ�
VWDQWLDWLRQ�� :H� KDYH� DOVR� GHVFULEHG� D� GHFRPSRVLWLRQ� DOJRULWKP� WKDW
EUHDNV�D�PXOWLOHYHO�UHODWLRQ�LQWR�VLQJOH�OHYHO�UHODWLRQV�DQG�D�UHFRYHU\�DOJR�
ULWKP�WKDW� UHFRQVWUXFWV� WKH�RULJLQDO�PXOWLOHYHO� UHODWLRQ� IURP�WKH�GHFRP�
SRVHG�VLQJOH�OHYHO�UHODWLRQV�
:H� EHOLHYH� PXFK� LQWHUHVWLQJ� ZRUN� UHPDLQV� WR� EH� GRQH� LQ� WKLV� DUHD

>-$-2��H@��,Q�SDUWLFXODU��ZH�ZRXOG�OLNH�WR�JLYH�D�FRPSOHWH�DQG�IRUPDO�VHW
RI�SULQFLSOHV�WKDW�FDQ�KHOS�ZLWK�GHVLJQ�DQG�LPSOHPHQWDWLRQ�RI�PXOWLOHYHO
VHFXUH�UHODWLRQDO�'%06V�� ,QLWLDO�VWHSV�KDYH�EHHQ�WDNHQ� LQ�WKLV�GLUHFWLRQ
LQ�WKH�SUHVHQW�HVVD\��EXW�PRUH�UHPDLQV�WR�EH�GRQH�



��� ,QIRUPDWLRQ�6HFXULW\

$FNQRZOHGJPHQWV

7KLV�ZRUN�ZDV�SDUWLDOO\�VXSSRUWHG�E\�WKH�86�$LU�)RUFH��5RPH�$LU�'HYHO�
RSPHQW�� WKURXJK� VXEFRQWUDFW� �&�8%����� '�2�� 1R�� ����� RI� SULPH� FRQ�
WUDFW��)����������'�������7DVN�%�2�������ZLWK�&$/63$1�8%�5HVHDUFK
&HQWHU��:H�DUH�LQGHEWHG�WR�-RH�*LRUGDQR�DQG�5$'&�IRU�PDNLQJ�WKLV�ZRUN
SRVVLEOH�


